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Abstract 

We define functorial isomorphisms of parallel transport along etale paths for 
a class of vector bundles on a p-adic curve. All bundles of degree zero whose 
reduction is strongly semistable belong to this class. In particular, they give rise 
to representations of the algebraic fundamental group of the curve. This may 
be viewed as a partial analogue of the classical Narasimhan-Seshadri theory of 
vector bundles on compact Riemann surfaces. 
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Introduction 

On a compact Riemann surface every finite dimensional complex representation of 
the fundamental group gives rise to a flat vector bundle and hence to a holomor- 
phic vector bundle. By a theorem of Weil, one obtains precisely the holomorphic 
bundles whose indecomposable components have degree zero |^. It was proved by 
Narasimhan and Seshadri |Na-Sej that unitary representations give rise to polystable 
bundles of degree zero. Moreover, every stable bundle of degree zero comes from an 
irreducible unitary representation. 

The present paper establishes a partial p-adic analogue of this theory, generalized 
to representations of the fundamental groupoid. The following is our main result. 
Recall that a vector bundle on a smooth projective curve over a field of characteristic 
p is called strongly semistable if the pullbacks of E by all non-negative powers of 
the absolute Frobenius morphism are semistable. Let X be a smooth projective 
curve over Qp and let o be the ring of integers in Cp. A model X of X is a finitely 
presented flat and proper scheme over Zp with generic flbre X. The special fibre Xk 
is then a union of projective curves over k = ¥p. We say that a vector bundle E 
on = X ® has strongly semistable reduction of degree zero if the following 
is true: E can be extended to a vector bundle f on Xq = X ® o for some model 
X of X such that the pullback of the special flbre £-k of £■ to the normalization of 
each irreducible component of Xk is strongly semistable of degree zero. We say that 
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E has potentially strongly semistable reduction of degree zero if there is a finite 
etale morphism a : y — > X of smooth projective curves such that a*E has strongly 
semistable reduction of degree zero. 

Theorem Let E be a vector bundle on X^^ with potentially strongly semistable 
reduction of degree zero. Then there are functorial isomorphisms of "parallel trans- 
port" along etale paths between the fibres of Ec^ on Xc^- In particular one obtains a 
representation pE.x o/7ri(X, x) on Ex for every point x in X(Cp). The parallel trans- 
port is compatible with tensor products, duals, internal homs, pullbacks and Galois 
conjugation. 

The theorem applies in particular to line bundles of degree zero on Xc^. In this 
case the p-part of the corresponding character of 7ri{X,x) was already constructed 
by Tate using Cartier duality for the p-divisible group of the abelian scheme Pic*! 

cf. |Taj §4 and |De-We2] . His method does not extend to bundles of higher rank. 

Let us now discuss the contents of the paper in more detail. Afterwards we can 
sketch the proof of the theorem. 

In the first section we investigate the category Sx,d consisting of finitely presented 
proper Zp-morphisms it : y ^ X whose generic fibre is a finite covering of Y which 
is etale outside of a divisor D on X. The important point is that for given vr in 
Sx,D there is an object n' : y' ^ X in Sx,d lying over ir with better properties, e.g. 
cohomologically flat of dimension zero or even semistable. We also construct certain 
coverings tt using the theory of the Picard functor which are used several times. 

In the second section we define and investigate categories ^Xcp,D and *B^^ ^ in- 
volving a divisor D on X and also an analogous category ^Xo,D for a fixed model X 
of X. These are defined as follows. The category 5Bx„,d consists of all vector bundles 
£ on Xg such that for all n > 1 there is a covering vr in Sx,d with Tr*£ trivial modulo 
p". In theorem^] it is proved that for £ to lie in iBx„ ^ it suffices that vr^f^ is trivial 
where TTk is the special fibre of some vr. 

Next, ^Xcp,D consists of all bundles which are isomorphic to the generic fibre of a 
bundle £ in ^Xo,D for some model X of X. These categories are additive and stable 
under extensions. Finally, we define ^"x^, £, as the category of vector bundles on 
whose pullback along a lies in y^.^ ^q,* d for some finite morphism a :Y ^ X 
between smooth projective curves which is etale over X \D. We obtain an additive 
category which is closed under extensions and contains all line bundles of degree 
zero. All vector bundles in QS" are semistable of degree zero. 

The third section is devoted to the definition and study of certain isomorphisms of 
parallel transport along etale paths in U = X \ D for the bundles in the category 
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D- more technical terms, we construct an exact Cgi-functor p from D 
the category of continuous representations of the etale fundamental groupoid I^i{U) 
on Cp- vector spaces. The basic idea is this: Consider a bundle £ in ^Xo,D and for a 
given n > 1 let TT : 3^ ^ X be an object of Sx,d such that n^Sn is a trivial bundle 
on Here the index n denotes reduction modulo p". Consider points x and x' in 
X{Cp) = X(o) and choose a point ymY = above x. For an etale path 7 from x 
to x' i.e. an isomorphism of fibre functors, let 71/ be the corresponding point above 
x'. For a "good" cover vr we have isomorphisms 

< r(3^n,7r*^'n) > £x'^ ■ 

We define the parallel transport P£{'~f) : £x £x' as the projective limit of the 
maps pe^nil) = {iy)n°{yn)~^ ■ This parallel transport is then extended to ^Xcp,D 
and *B^^ We also prove that the functor mapping a bundle E in !B^^ ^ to its 
fibre in a point x S U{Cp) is faithful. 

Using a Seifert-van Kampen theorem for etale groupoids we show that for a bundle 
E which is in ^B" for two disjoint divisors, one actually obtains a parallel transport 
along all etale paths in X. 

The proof of the theorem above starts with a characterization of those vector bundles 
on a purely one-dimensional proper scheme over a finite field Fg whose pullback to 
the normalization of each irreducible component is strongly semistable of degree zero: 
These are exactly the bundles whose pullback by a finite surjective morphism to a 
purely one-dimensional proper F^-scheme becomes trivial. For vector bundles on 
smooth projective curves over finite fields this characterization is due to Lange and 
Stuhler |LSj . Hence we have to lift finite covers in characteristic p to characteristic 
zero. The main point here is to construct a morphism of models whose reduction 
factors over a given power of Frobenius. In fact our method allows us to construct 
two coverings vr in Sx,d and vf in S^fj for two disjoint divisors D and D such that 
T^lSk and T^lSk are both trivial. By the above theory, one gets the parallel transport 
on all of Xcp. In the case of good reduction M. Raynaud has shown us a direct proof 
of this fact c.f. theorem I2U1 

For Mumford curves, Faltings ( |Falj ) associates a vector bundle on X to every ir- 
rational representation of the Schottky group and proves that every semistable vector 
bundle of degree zero arises in this way. It was shown by Herz |Hej that his con- 
struction is compatible with ours. 

Recently Faltings has announced a p-adic version of non-abelian Hodge theory |Fa2j . 
He proves an equivalence of categories between vector bundles on Xq^ endowed with 
a p-adic Higgs field and a certain category of "generalized representations" which 
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contains the representations of 7ri(X, x) as a full subcategory. His methods are 
different from ours. In particular Faltings uses his theory of almost etale extensions. 
The main open problem in Faltings approach is to characterize the Higgs bundles 
corresponding to actual representations of 7ri{X,x). He shows that with zero Higgs 
field, line bundles of degree zero and their successive extensions come from tti{X, x)- 
representations and suggests that perhaps all semistable vector bundles of degree 
zero are obtained in this way. The main theorem of our paper shows that this is true 
if in addition the bundle has potentially strongly semistable reduction. 

The present preprint improves and replaces the second part of |De-Wel] . The first 
part of |De-Welj will be published as |De-We2j . 

Finally we would like to draw the reader's attention to possibly related works of 
Berkovich |Bej § 9 on p-adic integration, of Ogus and Vologodsky on non-abelian 
Hodge theory in characteristic p and of Vologodsky |Voj on Hodge structures on 
fundamental groups. 

Acknowledgements: We are indebted to Qing Liu for his detailed answers to our 
questions about models of curves and for sending us the preprint |Liu2j . We are 
also grateful to Holger Brenner for helpful discussions about vector bundles. We 
would like to thank Gerd Faltings for criticising our confinement to smooth models 
in |De-Wel] and for making available to us his notes |Fa2j . Moreover, we thank 
Siegfried Bosch, Helene Esnault, Sylvain Maugeais, Niko Naumann, Mohamed Saidi, 
Peter Schneider, Matthias Strauch and Ulrich Stuhler for interesting discussions and 
suggestions. Our greatest debt is to Michel Raynaud for his careful reading of the 
manuscript and for suggesting several improvements of our theorems and their proofs. 
This concerns in particular theorems 151 and QUI and proposition 1141 

1 Categories of "coverings" 

In this section we introduce simplified and generalized versions of the categories of 
coverings that were used in |De-Welj to define the p-adic representations attached 
to certain vector bundles. 

In the following, a variety over a field A; is a geometrically irreducible and geometri- 
cally reduced separated scheme of finite type over k. A curve is a one-dimensional 
variety. Let i? be a valuation ring with quotient field Q of characteristic zero. 
For a smooth projective curve X over Q consider a model X of X over R i.e. a 
finitely presented, flat and proper scheme over spec R together with an isomorphism 
X = X fSiR Q- For a divisor D on X we write X \ D for X \ supp D. 

Consider the following category Sx,d- Objects are finitely presented proper R- 
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morphisms ir : y ^ X whose generic fibre ttq : yq ^ X is finite and such that 

TTQ : ttq^X \ D) ^ X \ D isetale. 

We set Sx = 5^,0- In this case the generic fibre ttq is a finite etale covering. A 
morphism from vri : J^i ^ jC to 7r2 : 3^2 ^ ^ in Sx^d is given by a morphism 
(/? : J^i — > 3^2 such that iri = tt2° (p- Note that 99 is finitely presented and proper and 
that ifQ is finite, and etale over X \D. 

If such a morphism exists, we say that tti dominates tt2. If in addition ipq induces an 
isomorphism of the local rings in two generic points we say that vri strictly dominates 
772- In the case where 3^iq and 3^2Q si's both smooth projective curves this means 
that (fQ is an isomorphism. 

It is clear that finite products and finite fibre products exist in Sx,d- Moreover, for 
every morphism / : X — > X' of models over R and every divisor D' on X' , the fibre 
product induces a functor : Sx',d' <Sxj*d'- 

We frequently use the fact that any non-constant morphism of a reduced and ir- 
reducible scheme 3 to a discrete valuation ring is fiat, cf. |Liulj . Corollary 4.3.10. 
Besides, note that if 3 is fiat and of finite presentation over R with irreducible and 
reduced generic fibre, then 3 is also irreducible and reduced by |Liulj . Proposition 
4.3.8. 



We define the full subcategory 



to consist of those objects in Sx,d whose structural morphism A : 3^ ^ spec R is flat 
and satisfies X^:Oy = OspecR universally and whose generic fibre Aq : yg specQ is 
smooth. In particular yq is geometrically connected and hence a smooth projective 
curve, which implies that y is irreducible and reduced. 

Let S^jj denote the full subcategory of Sx,d consisting of all vr : 3^ — > X such that 
X : y ^ specR is a semistable curve whose generic fibre yq is a smooth projective 
curve over Q. Recall that A : 3^ — > speci? is a semistable curve iff A is fiat and for 
all s G spec R the geometric fibre 34 is reduced with only ordinary double points as 
singularities, see |DMj or |Liulj . section 10.3. Note that since yq is irreducible and 
reduced, the scheme y is irreducible and reduced as well. If i? is a discrete valuation 
ring, then 3^ is normal since 3'q is normal, see |Liulj . Proposition 10.3.15. 



Theorem 1 Assume that the base ring R is a discrete valuation ring. 

1) The category is a full subcategory ofS^'^. 

2) The objects 3^ ^ X of have the property that Picy^j^ exists as a semiabelian 
scheme which is isomorphic to the identity component of the Neron model of the 
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abelian variety Pic^^^^Q. 

3) For any discrete valuation ring R' dominating R set X' = Xf^iRR' and let D' be the 
inverse image of D in X' . The natural base extension functor Sx,d ~^ 'Sx',D' maps 
^x"i^ into 5^?*^; and into S^, (More generally this is true for valuation 
rings R and R' .) 

4 ) For any finite number of objects Hi : yi ^ X in Sx,d there exists a finite extension 
Q'/Q such that the objects vTj <S>rR' of Sx',d' <ire all dominated by a single object of 
'^X'°D' ^'^^ even ofS^^,^,. Here R' is a discrete valuation ring in Q' dominating R. 

5) For any object -k : y ^ X of Sx,d there exists an extension of discrete valuation 
rings R' /R as in 4) such that vr (E)r R' is strictly dominated by an object of S^°^, 
and even of S^, . 



Proof 1) Let vr : 3^ ^ jC be an object of S^j^. By assumption the geometric fibres 
of 3^ over spec-R are reduced. Together with the flatness of A : 3^ — > speci? it follows 
from |EGAIIl| 7.8.6 that A is cohomologically flat in dimension zero. This means 
that the formation of A^,(0) commutes with arbitrary base changes. Since A is proper 
the sheaf A*(0) on speci? is coherent and hence given by the finitely generated R- 
module r(speci?, X^{0)) = T{y, O). Since y is integral, this module is torsion free, 
hence free, so that A*(0) = Ogpeci? for some r > 1. Since yg is a smooth curve, it 
follows that r = 1. Taken together we find that the equation A*(0) = Ospecii holds 
universally. 

2) Since y has semistable reduction over spec R it follows from |BLRj 9.4, Theorem 
1 that Picy/j^ is a smooth separated i?-scheme which is semi-abelian. By |BLRj 9.7, 
Corollary 2 the connected component of the Neron model of Pic^^^g is canonically 
isomorphic to Vic^j^. 

3) Note here that semistability is by definition preserved under base change. 

4) Since finite products exist in Sx,d assertion 4) follows from assertion 5). 

5) I Let us first prove the claim for the category S^'^ . This proof will be taken 
up in a G-equivariant context in theorem |1] below. Let Q' be a finite extension field 
of Q such that y has a Q'-rational point over X\D and such that the irreducible 
components of yqi are geometrically irreducible. Let R' be a discrete valuation ring 
in Q' dominating R. Set y^i = y ®r R' . Choose an irreducible component of yqi 
containing a Q'-rational point over X\D and let y* be its closure in y^i with the 
reduced scheme structure. Then y* is integral and we can pass to its normalization 
y which is finite over 3^* by |EGAIVj (7.8.6). 3^ is a proper, fiat i?'-scheme. Since 
y®R'Q' is the normalization of 3^^, it has a Q'-rational point. By Lipman's resolution 
of singularities, there is an irreducible regular i2'-scheme 3^^ together with a proper 
i?'-morphism 3^^ y which is an isomorphism on the generic fibre. 3^^ is obtained 
by repeatedly blowing up the singular locus followed by normalization. This process 
becomes stationary after finitely many steps (see |Lip| and also jLiulj 8.3.44). Hence 
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we obtain a regular, irreducible scheme 3^^, which is proper and flat over i?', together 
with a proper morphism y'^ — > X' strictly dominating tt^rR' . The Q'-rational point 
in the generic fibre of induces a section of 3^^ — > spec R' by properness. Now we 
apply a theorem of Raynaud to deduce that 3^^ is cohomologically flat in dimension 
0, see IKayl , Theoreme (8.2.1) (ii) (iv) or [EhIT] 9.1.24 and 9.1.32. Thus 3^^ ^ X' 
lies in 

II Alternatively, at least if the residue field of R is perfect the claim for S^'^ could 
be proved by using instead of Raynaud's theorem a theorem of Epp. Replacing y 
by y and R by R' (of I) we may assume that y is normal and that yg is a smooth 
projective curve over Q. Using |Ep| Theorem 2.0, it can be shown that there is a 
finite extension Q' of Q and a discrete valuation ring R' in Q' dominating R such 
that the normalization 3^ of 3^ (E>_r R' has geometrically reduced fibres. As in the 
proof of part 1) it follows that the object vi" : 3^ — > 3^ R' ^ X (8)r R' = X' strictly 
dominating tt' = tt (g) ^ R' : y (i^ R' ^ X' is in ^l?*^,. 

III We now prove that after base extension every object vr of Sx,d is strictly domi- 
nated by an object of S^^. In view of part 1) this gives a third proof for the assertion 

on S^'^. We construct 3''^ —>■ X' as in I. Since 3^^ is irreducible, regular and proper 
and flat over R' , a result of Lichtenbaum |Lichj implies that 3^^ is projective over R' . 
According to jLiu2j . Theorem 0.2, there is a finite extension of Q' and a discrete 
valuation ring R'^ in dominating R' and a semistable model 3^^ of 3^^ (8)/?/ Q'^ 
together with a morphism y'^ 3^^ over speci?^. The composition 

3^^ ^ 3^"^ ®R' R^ ^X^ = X®R R^ 
defines an object of ^| which strictly dominates vr^ = vr (E>r R^ ■ □ 

The next result is used later to prove that certain categories of vector bundles are 
stable under extensions and contain all line bundles of degree zero. 

As before let R he a. discrete valuation ring with quotient field Q of characteristic 
zero. Consider a smooth projective curve of nonzero genus X over Q with a Q- 
rational point x and a semistable model X of X over speci?. Fix some > 1 and 
define an etale covering a :Y ^ X hy the cartesian diagram 

Y Albx/Q 

N 

X — Albx/Q 

Here ix is the canonical immersion into the Albanese variety corresponding to the ra- 
tional point X. Note that Y is geometrically connected and hence a smooth projective 
curve. 
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Proposition 2 In the above situation, there exist 

• a finite extension Q'/Q and a discrete valuation ring R' in Q' dominating R 

• a semistahle model y' ofY' = Y <Siq Q' over spec R' 

• a morphism 

vr' : y — >X' = X0R R! 

such that the following assertions hold: 

a) The generic fibre tt'q, of it' is a' = a f^q Q' . 

b) There is a commutative diagram 




for some morphism g with g{0) = 0, where denotes the zero section over specR' . 

Remark After proving the proposition, we saw that in |Fa2j Faltings uses a similar 
construction to make Higgs bundles on p-adic curves "small" . 

Proof Let y be the normalization of X in the function field Q(Y) of Y. Then y 
is a model of Y which is equipped with a morphism tti : y ^ X. According to 
|E(4A1V| 7.8.3 (vi) the morphism TTi is finite. We will view vri as an object of Sx- 
For an extension R'/R as in theorem ^ part 5) there exists an object vr' : 3^' — > X' 
of S^i strictly dominating tti <Sir R' ■ Changing the identification of y' (^r' Q' with 
Y' = Y0qQ' if necessary, we may assume that the generic fibre of vr' is a' = a^qQ' . 

The origin in KVox/q = Pic^/g the point x X define a Q-rational point y of 
Y with i(y) = 0. Let 

iy-.Y — > Alby/Q 

be the corresponding immersion. By the universal property of the Albanese variety, 
there is a unique morphism / : Alby/g — > Alb^/g which is necessarily a homomor- 
phism such that f °iy = i- 
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Applying the functor Pic^^g, ^g, to the commutative diagram 




Alb 



X/Q 



X^^Albx/Q 



we obtain the following commutative diagram, where f = f (SDq Q': 





PipO 

^^^X'/Q' 

Let Af be the Neron model of Picy,^g, over spec R' and let Af^ be its identity compo- 
nent. By theorem n part 2) we know that Pic^;^^; and Picy^^, exist as smooth and 
separated schemes and that Picy^^, is isomorphic to Af^. By the universal property 
of the Neron model, the natural map 

(1) Mor^,(Pi4'/fl'>AA) ^ MorQ,(PicO,,/g,,Pic°.,/Q,) 

is bijective. Hence /' has a unique extension to a morphism g : Pic^/^^/ Af. By 

construction, the composition goN has generic fibre f'oN = a*. Since a' is the 
generic fibre of n' : y' ^ X' , the induced homomorphism 



vr 



ricy/^, 



has generic fibre a* as well. Using the Neron property it follows that goN is 
equal to the composition 



PipO 



PipO 



■ Af^^M . 



In particular we get that 17(0) = g{N{0)) = where denotes the zero sections 
of Pic^,^^, respectively Picy^^,. Since the special fibre of Pic^///j/ is connected, it 
follows that g is a morphism 

g : Pic^x'/R' ^ = Pi^y//?' 
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with go N = IT * as desired. □ 

We fix an algebraic closure Qp of Qp and consider finite extensions Qp C K C Qp. 
The rings of integers will be denoted by ok and Oj^ = Zp. 

The following corollary of theorem ^ will be used constantly. 



Corollary 3 Let X be a smooth projective curve over Qp and D a divisor on X. 
Let X be a model of X over specZp. 

1) Given any finite number of objects iTi : yi ^ X in Sx,d (resp. given one object 
TTi : 3^1 ^ X m Sx,D ) there is a finite extension K of Qp and a curve Xk / K 
with model Xoi^/ok o-nd a divisor Dx of Xk such that the following hold: We have 
X = Xk ®k K and D = Dk K and X = Zp and there is an object 

dominates all iTi in Sx,d (resp. dominates vri strictly^. 

2) The category is a full subcategory of S^'^. 

3) Any finite number of objects TTi : ^ X in 'Sx,D ctre dominated by a common 
object TT : y ^ X of S^'^ and even of S^^. Every single object tti : yi ^ X in 
^X,D is strictly dominated by an object of S^'^ and even of S^^. 



Proof Part 1) follows from theorem^ 4), 5) using noetherian descent as in |EGA1V) 
§8, in particular (8.8.3) and (8.10.5), together with |E(;AlVj (17.7.8) to descend to 
the category Sxi,Di for some Xi/oxi with divisor Di where Ki D Qp is a finite 
extension. 

2) Similarly as above, every object vr : 3^ ^ X of S^j-^ descends to an object ttq^ : 

yoK ^ of 

'Sxof^,DK where K D Qp is finite such that yo^/'^K is flat. Since the 
geometric fibres of yox/'^K and J'/Zp can be identified, it follows that ttoj^ : J^o^, — > 
Xoj^ is in and hence in by theorem^ 1). Therefore vr = tto^ i^ok 

lies in S^'^ by theorem ^ 3) . 

Part 3) follows by combining 1) and theorem^ 3). □ 

Later we will construct a canonical parallel transport for certain vector bundles. The 
proof that it is well defined requires the following theorem. Let Tx,d be the following 
category. Objects are finitely presented proper G-equivariant morphisms n : y ^ X 
over spec Zp where G is a finite (abstract) group which acts Zp-linearly from the left 
on 3^ and trivially on X. Moreover the generic fibre vr^ is finite and its restriction 
y^ \tt*D ^ X \ D is an etale G-torsor. 

A morphism from the Gi-equivariant morphism vri : ^ X to the G2-equi variant 
morphism 7r2 : 3^2 — > X in Tx,d is given by a morphism 9? : 3^1 ^ 3^2 with vri = 7r2°f 
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together with a homomorphism 7 : Gi — > G2 of groups such that 99 is Gi-equi variant 
if Gi acts on 3^2 via 7. 

This definition generahzes the category = '^x,<f> used in |De-Wel] § 5. There is an 
obvious forgetful functor 1x,D Sx,d- The full subcategory 1^^^ of Tx,d consists 
of those objects which are mapped to objects of 5^°^^ • 

Theorem 4 For any object n : y ^ X in Sx^d there is a finite group G and a 
G-equivariant morphism tt' : y' ^ X defining an object of which admits a 

morphism 93 : 3^' — > 3^ with noip = n'. In other words, every object of Sx,d is 
dominated by the image of an object in . 



Proof Let us first show that every object vr : 3^ — > X of ^x,D is dominated by 
an object of Tf^^- By noetherian descent we can assume that there is a finite 
extension K of Qp in Qp with ring of integers R such that vr descends to the object 
T^R '■ yR Xr in ^Xii,DK ■ Denote by G the group acting on yji over Xr such that 
Yk \ tt^Dk Xk \ Dk is an etale G-torsor. Now we follow the construction in 
the proof of theorem E 5) I and consider a geometrically irreducible component of 
Yk' containing a X'-rational point over Xx' \ D^', where K' is a finite extension 
of K in Qp. Denote by iJ C G the stabilizer of this component. Then H acts in a 
natural way on 3^*, and also on y and 3^^. Therefore 3^^ X (^r R', where R' is 
the ring of integers in K', is an object of '^^"ff) , dominating vr/j/. By base-change 

to Zp, our claim follows. Hence it suffices to show that there is an object vr' of Tx,_d 
which dominates vr. By corollary |31 1), we may assume that we have vr = vrp^ (8) Zp 
with TToj^ : 3^0 A- in '^x'o°'^ Dk' be the smooth projective curve whose 

function field is the Galois closure of KiYx) over K{Xk)- The Galois group G acts 
on Y^ over Xk- The morphism Y^ Xk is finite and over Xk \ Dk it defines a 
Galois covering with group G. Consider the normalization 3^0^ of 3^o^^, in K{Y^). By 
|EGAIVj ■ (7.8.3) (vi) the morphism y^j^ — > y^j^ is finite. Hence yoj^ — > 3^0^ Xo^ 
defines an object of Sxoj^,Dk with generic fibre Yk = Y^ Xk- 

By the proof of |Liu2j . Lemma 2.4, there exists a model y'^^ of Y^ over Ok endowed 
with an action of G extending the action on Y^ together with a morphism (p^j^ : 
y'oji ~^ which is an isomorphism on the generic fibre. 

Let vr'o^ : 3^^^ Xo^ be the composition vr[,^ = 'Kok°'Pok ■ ^ ^"k ^ 

Xaj^. Since y'^^ is reduced, G-equivariance of the generic fibre of vr[,^ implies G- 
equivariance of vr'^^ cf. |E(TAnj . 7.2.21. 

Now put 

y ■.= y'oK®OK% and ^' = <^®p^lp:3^'^X. 
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Then vr' : 3^' — > X is an object of Tx,_d such that ip = ipoK ®ok '^p '■ y' ^ y satisfies 

TToip = Tt'. □ 

2 Two categories of vector bundles on p-adic curves 

Let Vecs' be the category of vector bundles on a scheme S. For a bundle E we often 
write E for its locally free sheaf of sections 0{E). Let o be the ring of integers in 

*Cp = Qp and set = o/p^o = 'Lp/p^'Lp. For every o-scheme 3^ we set yn = y ®o "n- 
Let X be as before a smooth projective curve over and set Xc^ = X 0^ Cp. 

First of all, we show that vector bundles on can be extended to vector bundles 
on suitable models. The elegant argument in the proof was commicated to us by 
M. Raynaud. 

Theorem 5 For every vector bundle E on X^^ and every model X of X there exists 
a model X' of X dominating X such that E extends to a vector bundle on Xp . If X 
is smooth, then E can be extended to a vector bundle on Xg itself. 

Proof We can extend to a quasi-coherent sheaf J- of finite presentation on Xo, see 
|Haj . Appendix, Corollary 2 to Proposition 2. Let J C be the r-th Fitting ideal 
of where r is the rank of E. Since J- is of finite presentation, J is quasi-coherent 
of finite type. Besides, J ■ Ox^p is equal to the Fitting ideal of E, hence to Ox^p ■ 
Therefore there exists some n > 1 such that p^Ox^ C J. By appoximating the local 
generators of with elements in Ox modulo p", we see that J descends to an ideal 
J'o C Ox- Let if : X' ^ X he the blowing-up of J^q. Since J'o is of finite type, 
is of finite presentation, so that is a map in Sx inducing an isomorphism on the 
generic fibre. The base change map ipo : X'g — > Xo is the blowing-up of J. Hence 
iPo^{J)Ox'^ is invertible. Since (fo iJ)Ox'„ is the r-th Fitting ideal Fr{iplT) of tplT, 
we can apply |Ray-Gru| , (5.4.3) to deduce that ip*^T / Ann^*j:{Fr{^p*g!F)) is locally free 
of rank r on X'^. Hence it gives rise to a vector bundle £ on Xp with generic fibre E. 

If X is smooth over Z„, then Pic?. ,7^ (0) = Vic^ (Cp), so that every line bundle of 

^ Xj lip ^/"ip 

degree extends to a line bundle on Xq. Besides, X carries a line bundle H whose 
generic fibre has rank one. Hence every line bundle on can be extended to Xp. 
The general case follows by induction on the rank of E. Namely, there is an exact 
sequence of vector bundles — > -Bi — > -E ^ £"2 ^ on where rkE'j < rkE' for 
i = 1,2. By hypothesis, Ei and E2 can be extended to £1 and £2 on Xq. By flat base 
change we have an isomorphism 

Ext^^ {£2,£i) 00 Cp ^ Ext^^ {E2, El) . 



12 



This implies that E is isomorphic to the generic fibre of a vector bundle £ onXo. Note 
here that extensions of locally free sheaves are locally free because the cohomology 
of affine schemes vanishes. □ 



Definition 6 a For a model X of X over Zp and a divisor D in X the category 
,D is defined to be the full subcategory of Vecxj, consisting of vector bundles E 
on Xg = 3i with the following property: For every n > 1 there is an object 
IT : y ^ X of Sx,D such that n^Sn is a trivial bundle on Here vr„,3^n cind £n o,re 
the reductions modp" ofir^y and£. 

b The full subcategory ^Xcp,D o/Vecxc^ consists of all vector bundles on Xq^ which 
are isomorphic to a bundle of the form j*£ with E in ^Bx„,d for some model X of X . 
Here j is the open immersion of into Xg ■ 

c The full subcategory ^B^^ of Vecxc^ consists of all vector bundles E on X^^ 
such that oiq^E is in '^Ycj,,a*D for some finite covering a '.Y ^ X of X by a smooth 
projective curve Y over such that a is etale over X\D. 

Remarks a For D = we simply write for etc. 
b In |De-Welj § 6 a category *Bxo was defined as above, but using coverings in 
instead of Sx- It follows from theorem0]that both definitions give the same category. 
Consequently, also the category ^Bxc^ is the same as the one defined in |De-Welj 
Definition 19. 

Lemma 7 The category !Bxcp,D consists of all vector bundles isomorphic to j*S 
with £ in 5Bx„,d CLnd X a semistable model of X over TLp. 

Proof Given any model X of X, there is a semistable model y oi X strictly domi- 
nating X. This follows from corollary |31 3) applied to vri = id^. Since the pullback 
of bundles on j£ to 3^ maps "^Xa^D to ^yo,D by proposition |^ below, the assertion 
follows. □ 

Lemma 8 Let f : X ^ X' be a morphism of smooth, projective curves over Qp. 
For every model X! of X' there exists a model X of X and a Zp-linear morphism 
f : X ^ X' such that the diagram 




is commutative. 
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Proof Since / is proper, it is either surjective or maps X to a closed point of X' . 
In the second case, because of properness any model X of X will do. Hence we can 
assume that / is surjective, hence finite. There is a finite extension K of Qp in Qp 
such that / descends to a morphism fx '■ Xk — > X'^^ of smooth, proper curves over 
K and such that X' descends to a model of X'j^. 

Define as the normalization of the reduced and irreducible scheme X^^ in the 
function field K{Xk) of Xk, and let : Xp^ — > X'p^ be the corresponding finite 
morphism. Since fx '■ Xk X'^ is the normalization of X'^ in K{Xk), the generic 
fibre of Xp^ can be identified with Xj^ so that the desired diagram commues. Base- 
change with Zp completes the proof. □ 



Proposition 9 The categories '^Xo,D resp. ^Xcp,D O'nd D '^^^ /^^^ additive 

subcategories of Vec^^ resp. Vecxc^ which are closed under tensor products, duals, 
internal horns and exterior powers. For every morphism / : X ^ X' over Zp resp. 
f : X ^ X' over and every divisor D' on X' , the pullback functor f* of vector 
bundles restricts to an additive exact functor f* : ^B^'^ £>; — > *Bx„ d' resp. f* : 
^x' D' ~^ ^Xr f* D' and f* : ^bL, ^, *B't ^. n, . These functors commute with 
tensor products, duals, internal homs and exterior powers. 



The proof is straightforward for ^Xo,D and ^Xcp,D given corollary |31 3), lemma 
IHl and the functoriality of the categories S. For iB", note first that given finite 
morphisms Yi X for 1 <i <n etale over X \ D by smooth projective curves Yi, 

there is a finite morphism Y ^ X etale over X\D hj another such curve Y such 
that j3 factors over each Oj: Take the normalization of any irreducible component of 
Y\Xx ■ ■ ■ XxYn- Thus the assertions about ©, ® etc. for QS" follow from those for !B. 
Next, given E in *B^, ^, and f : X ^ X' , choose a finite morphism a' : Y' ^ X' , 

Cp ' 



Let Y be the normalization of an 



etale over D' such that a'*E lies in *Bv' 
irreducible component of f~^{Y') and consider the commutative diagram: 



Y 



f-\Y') = Xxx' Y'- 



X 



Y' 



X' 



Let (7 : y — > y be the upper horizontal map. By functoriality of *B we know that 
5*a'*£' lies in iByj,^^g.a/.£i/. Hence /*£' is in 55^^ □ 
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Proposition 10 a Let a :Y ^ X be a finite morphism, etale over X\D of smooth 
and proper curves over Qp. Then a vector bundle E on X^^ lies in D ^^'^ 

only if a*E lies in QSy^ 

b Assume in addition that a : Y ^ X is etale. For a vector bundle F on Yc^ let 
a-fF be the vector bundle on X^^ corresponding to the locally free sheaf aifO{F). If 

F is in QSi- then a^^F is in *B v • 

Proof a This follows from the functoriality of in proposition |3 

b Consider F in *By^ and choose a Galois covering 7 : y' — > X which factors over 

Y i.e. 7 is a composition -y : Y' Y ^ X . Let G be the Galois group of Y' over X 
and let H be the one of Y' over Y. For every cr in G the adjunction map F — > (3^13* F 
induces a map 

a,F — > a^P^p*F = -f^P*F = -f^a^P*F . 
Note here that 700" = 7. This gives a map 

7*a*F a^P*F . 

For r in we have r*/3* = (r"^)*/3* = (/3or~^)* = Hence we obtain a well 
defined map 

(2) -f*a,F^ a,p*F. 

aeG mod H 

Argueing locally, one sees that (O is an isomorphism. Now, a^,j3*F = {a~^)*f3*F 
belongs to 535,, by functoriality of ^B". Hence 7*a*-F belongs to this category as 

well. It follows that a*-F lies in 53^s^^ as was to be shown. □ 
We now prove that our categories are stable under extensions of vector bundles. 

Theorem 11 The categories *Bxo,z), ^Xcp,D cLnd ^Bj^^ are stable under exten- 
sions, e.g. if 

— > E' — >E — > E" — > 

is an exact sequence of vector bundles on X^^ such that E' and E" are objects of the 
category OSxc^.Z); then E is also contained in !Bxcp,D- 

Proof We give the proof for ^Xcp,D- The case of ^Xo,D is similar. The assertion 
for QS" follows formally from the one for *B. Thus, let E' und E" be in 53 Xc ,D- By 
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definition, there exist models X' and X" of X over Zp and vector bundles £[ in QS^'^ 
and in '^Xo,D such that 

and E" ^ j^.E'l , 

where j^i^ and j^ii are the open immersions of the generic fibre X^^ into X'g = j£'(8>^ o 
respectively X'^ = X" o. 

Applying Proposition [23 below, there exists a model X of X over Zp together with 
morphisms over Zp 

restricting to the identity on the generic fibres. By functoriality 8' = Pi<f( and 
8"=pl£'(\\e in 

Reducing to cohomology and using flat base change one sees that induces an 
isomorphism Ext5(-_^ {8", £') ®oCp ^ Ext^^ {E" , E'). Hence there is some /c > such 
that the extension class we get by multiplying with the class in Ext^^, {E",E') 
induced by F comes from Ex.t\ {£",£'). 

Hence pullback by p'^-multiplication on E" induces an extension 

^ E' ^ El ^ E" ^ 

^ E' ^ E ^ E" ^ 

on Xq^ for which there is an exact sequence 

— >£' — >£ — >£" — >0 

of vector bundles on Xo such that i5 ~ Si ~ i?. Note here that any extension of a 
locally free sheaf by another one is again locally free. The reason is that locally every 
such extension splits because the coherent cohomology of affine schemes vanishes. 

Let us fix some n > 1. Since £' and £" lie in ^x„,D, we find objects n' : y' ^ X 
and it" : y" ^ X of Sx,D such that 7r„*i?4 is trivial on y^ = y' and vr^*!?^' is 

trivial on y" = y" (g)^^ o„. 

By Corollary ini 1), there is a finite extension K of Qp with the following properties: 

• X,D and X descend to a curve Xk/K a divisor Dk on Xk and a model Xr/R 
respectively, where R = Ok- 

• there is an object ttr : yji ^ Xr of S^^ such that 

vr = TTif, (g>R Zp : 3^ = yR ^R'Lp^X 
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dominates both vr' and vr". 

• the generic fibre Yk of has a rational point. 

Now TT^S^^ and n^S^l^ are trivial bundles on 3^„. If r' respectively r" denote their ranks 
the extension: 

(3) > TT*£'^ > TT^Sn > TT*£n > 

gives rise to a class in Ext^^^(0'-", C') ~ H^{yn, Of' . 

Claim There exists an object a : 3 — > in Sx,d ^-nd a morphism p : 3 — > 3^ in 
Sx,D-, such that the induced map p* : ff^(3^„, O) — > /f^(3ni O) is trivial. 

Assume that the claim holds. Then p* applied to the extension © is trivial, which 
implies that a'^En = Pn'^n^n is a trivial vector bundle on 3n- Since this argument 
can be done for every n > 1 it follows that £ lies in 53x„,D) which implies that E is 
contained in the category *Bxcp,D- The theorem follows. 

Hence it remains to prove the claim. If the genus of Yk is zero, then Yk = 
since Yk was assumed to have a rational point. Hence = 1 and therefore 

x(i^K, O) = 1 where is the special fibre of y^. Since A^Oy^ = Or holds universally 
we have H^{y^„0) = k and therefore H^{y^,0) = 0. Now |Mii| Corollary 3 on p. 
53 implies that H^{yn, O) = 0. In proving the claim we can therefore assume from 
now on that the genus of Yk is nonzero. Let us first show that it suffices to find a 
morphism p : ^ y \n Sx,D such that 

p* :H\y,0)^H\3,0) 

satisfies p*{H^{y,0)) C p'^H^{-i,0). 

Namely, consider the commutative diagram 

H\y, O) 0„ : if 1(3, O) On 
H\yn, O) i/l(3n, O) 

Pn 

By assumption, the upper horizontal map is zero. Hence p* = 0, if the left vertical 
map H^(y,0) ®ig On — *■ H^^n-.^) is surjective. Since Zp is fiat over R and 
therefore o„ = Zp/p"Zp is flat over R/p^R^ it suffices by fiat base change to prove 
surjectivity of 

H\yB. O) R/p"R ^ H\yn 0r r/p^'r, O) . 
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Let k be the residue field of R. By Nakayama's lemma, it suffices to prove surjectivity 
after tensoring with k. Consider the commutative triangle 



HHyR,o) ^Rk- 



■HHyRfg)R R/p^R,0)^R/^pnRk 



Both vertical maps are isomorphisms by |Muj . Corollary 3 on p. 53 since is one- 
dimensional and hence has vanishing second cohomology. Hence the horizontal map 
is a fortiori surjective. 



By proposition 121 applied to the smooth projective curve Yk over K and its semistable 
model yR over R with N = p"" there exist the following: 

• a finite extension K' of K in 

• an object 



}p with ring of integers R' = Ok' 

PR' ■ 3ij' — > yR' = yR ^R R' 

of S^f such that there is a commutative diagram 



^^^yR,/R' 





^^^yR,/R' 



for some morphism g with ^(0) = 0. 



Note that the Lie algebra of a group functor coincides with the Lie algebra of its 
identity component, if the latter exists (see e.g. SGA3,I , expose VIb, remarque 
3.2). Hence we can apply |BLE,j . 8.4, Theorem 1, to the proper, fiat i?'-schemes 
yR' and 3ij' which as in the proof of theorem ^ 1) are both cohomologically flat in 
dimension over spec-R'. Hence we obtain a commutative diagram with horizontal 
isomorphisms 



LiePi4^,/^/ 




Licp" 



LiePi4^,/fl, 



Lie 9 




"R' 
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Since Liep" is ^"-multiplication, we deduce that 

and by flat base change that p*{H^{y, O)) C p^H^C^, O) which completes the proof. 

□ 

Note that in the following theorem and its proof we have changed our usual notation 
somewhat. 

Theorem 12 a For any smooth projective curve X over Q„ the category *Bi- , 

where Xq = X (Si^ contains all line bundles L of degree zero on X£ 

h If X has a smooth model over Zp, then ^Xcp contains all line bundles of degree 
zero on Xcp ■ 

Proof We may assume that X has positive genus. By the semistable reduction 
theorem there is a finite extension K of Qp and a smooth projective curve X over K 
with X{K) 7^ together with a semistable model X over Ok such that X = Xi^xQp- 
In particular X is cohomologically flat of dimension zero over ok- According to |BLE.j 
9.4 Theorem 1, Pic%/„ is a semiabelian scheme over o^'. Hence Pic'i/„ (o) is an 
open subgroup of Pic^y^(Cp) = Pic'^(Xcp) the group of isomorphism classes of line 
bundles on Xi^^ of degree zero. 

Claim If the class of L in Pic*^(Xcp) lies in Pic^/p^,(o) then L is in ^Bxc^- 

Proof of the claim By assumption L is the generic fibre of a line bundle £ on Xo 
giving rise to a class in Pic^^^^^, (o). Note that according to |BLRj 8.1 Proposition 

4, we have Pic(Xc,) = Picx/ox(o)- Now, o„ = Zp/p"Zp = lirn ^^^^^ Opjp^Op where 

F runs over the finite extensions of K in Q^. The rings Opjp'^OF are finite, hence 
V\(Py_l^^{op jp^Op) is a finite group. It follows that 

FjK 

is a torsion group. Let = £ 00 On be the reduction mod p" of £ to a line bundle 
on Xn = Xo 00 On = ^ ®0K "n- I* defines a class in Pic^^/j,^(o„) = Pic^/p^(o„) 
which must have finite order. Hence there is some iV > 1 such that L®^ ~ C By 
proposition El applied to Q = K^R = Ok and X, X, there is a finite extension K C 
K' C Qp with ring of integers i?' = Ok' and an object tiri : 3^ij/ Xri = X ^' 
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of 5^^^ together with a commutative diagram, where g{0) = 0: 





Moreover we can assume that Y^-/ 
object TT = ttr' 0r' Zp-.y = yR, Oj 
commutative diagram 



M„/On(''«) 



= 3^ij' ®R' K' has a i^T'-rational point. For the 
of S-^ we therefore get the 



''Ok '^P 



On 





Pi4 /n 

where G„(0) = 0. Hence we find 

<[£„] = G„(iV[£J) = GniiCT]) = Gn{0) 



. 



It foUows that T^n^n is a trivial bundle on 3^„. Since this construction can be done 
for every n > 1 the bundle C belongs to therefore L is an object of *Bxc ■ 

□ 

We can now proceed with the proof of the theorem. Part b follows from the claim 
for X smooth. In order to prove a, let L be any line bundle of degree zero on Xq^^. 
By a result of Coleman (Theorem 4.1. in |Coj ). the cokernel of the inclusion map 



Pi4/A'(Cp) 



is torsion. Hence there exists an integer > 1 such that is the generic fibre 
of some line bundle Ci on giving rise to a class in Pic^yp^(o). With notations as 
before, we have for this N a commutative diagram 

Pic2., 



Pic^ - 





Pic^- 

where G(0) = 0. Since ttr' is in 5^^, , the generic fibre a of tt : 3^ ^ X is a finite 
etale covering a : Y = y 0^ Qp — > X of X by the smooth projective curve Y. It 
suffices to show that a% L belongs to ^By^, . Under the inclusion 



Pic° ^ (o) ^ PicO(yc 
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the element is mapped to q^^([L]). By the claim applied to Y and the pair 

YK',yR' instead of X and X,X it follows that a^^([L]) lies in ^By^,^ as was to be 
shown. □ 

Remark By the preceding results the category ^Xc^ contains all unipotent vector 
bundles on Xc^ , i.e. all bundles obtained by successive extensions of the trivial line 
bundle. 

More generally, the category contains all successive extensions of line bundles 

of degree zero. 

The following insight is due to Faltings without proof in his setting of p-adic Higgs 
bundles |Fa2j . We give a proof below. 

Theorem 13 Let D be a divisor on a smooth projective curve X over Qp. Then 
every bundle in 53^^ ^ is semistable of degree zero. 

Proof By the definition of semistability it suffices to show the assertion for every 
bundle E' in iBxc^.D- 

We may assume that E' = £' ®o Cp for a bundle £' in ^Xa,D for a model X of X. By 
corollary |31 3) there exists an object vr : 3^ ^ X of S^^j-^ such that vr|iS{ is a trivial 
bundle on J'l = y ® o/p, where £[ = £' ® o/p. Since the generic fibre tTq of vr is 
finite it suffices to show that E = t^q^E' is semistable of degree zero on ycp- Setting 
£ = TT*£' we have E = £ ®g Cp. 

Besides, <Si = iS (X" o/p is a trivial bundle on 3^i. We have to show that E has degree 
zero and that every subbundle L C F has degree degL < 0. 

Let K he a finite extension of Qp such that y descends to a model 3^ok over ok of its 
generic fibre Y, i.e. y = 3^ok '^ok ^p- Since 3^0^/"^ same geometric fibres 

as y/1ip it is also semistable. The scheme is the projective limit of the semistable 
^-schemes = iVox ®ok where A runs over the finitely generated normal Ok- 
subalgebras of o. Moreover yi is the projective limit of the schemes J^Ai = yA'^AAi, 
where Ai = A/pA. 

a 

Consider the family {yo,£,L C F,£i ^yi) where a is some isomorphism of 
locally free Oy^-sheaves. By [hX^AIVj (8.5.5), (8.9.1), (8.5.2), (11.2.6) there exists a 
normal finitely generated o^^-algebra ^ in o with quotient field Q{A) such that the 
family descends to a family 

(3^A, £a, Lq(^a) C £q(^a),£a^ Oy ) , where 
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• is a proper semistable curve over A 

• is a vector bundle on yA and £q(a) = 53a Q{A) 

• Lq(^a) is a vector bundle on yQ[A) = yA®AQ{^) which is a subbundle of <?q(a) 

• is an isomorphism of locally free Oy^^ -modules where Ea^ = ^A ®A ^i- 

We need a prime ideal p of ^ of height one containing the maximal ideal {ttk) of Ok- 
Since ^ C o, the special fibre (spec^)(E>0i^/7r/^ is non-empty. Any prime ideal p in A 
corresponding to the generic point of an irreducible component of (spec A) (gi Ok/t^k 
will do, cf. |Liulj theorem 4.3.12. Note that p D pA. Since A is normal, Ap C Cp is 
a discrete valuation ring containing Ok- Note that in general Ap o. 

Let R be the strict henselization of Ap in the algebraic closure of Q{A) in Cp. Then 
is a discrete valuation ring in Cp with quotient field Q C Cp whose residue field 
K D Ok/t^k is separably closed. Let {yR,£R, Lq C £q) be the base change of 
{yA,£A, Lq(^A) C £q{A)) via A C R resp. Q{A) C Q. The restriction of fi? to the 
special fibre y^ = yR C3_r k is trivial because £ai is trivial and A C R induces a map 
— > — > K since p G pij. By Riemann-Roch, deg(iSQ) = x{£q) "^xIC^^q) where 
r is the rank of £. By |EGAIIlj . 7.9.4, the Euler characteristic of vector bundles on 
yR is locally constant in the fibres, which implies deg£Q = x('^re) ~ ^xIC^^k) = 0. 
Since E = £q®qCp, it follows that degE' = 0. Similarly, degL = degLg. It remains 
therefore to show that degLg < 0. Using the next result the theorem follows. □ 

The proof of the following proposition is due to Raynaud. It replaces a more involved 
argument in an earlier version of this paper. 

Proposition 14 Let R he a discrete valuation ring with quotient field Q and sepa- 
rably closed residue field k. Let Z he a smooth projective curve over Q with a model 
Z over R. Consider a vector bundle £ on Z whose special fibre £^ is a trivial bundle 
on Zf^. Then its generic fibre E = £q is semistable of degree zero. 

Proof By assumption det £k is a trivial line bundle. Hence we have 

degE = degdetE = x{Z , det £q) - x{Z , O) 

= x(^K,detf,) -x(^«,0) = 

since the Euler characteristics are constant in the fibres. 

It suffices to show that for every exact sequence ^ Ei ^ E ^ E2 ^ of vector 
bundles on Z we have deg(i?2) > 0. Consider the canonical extension Ti C £ of Ei 
in E cf. |EGAIj (9.4.1). For every open subset U oi Z we have 

T{U,Ti) = {se T{U,£) \s\unz G T{Ur^Z,El)} . 
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The sheaf T\ is a coherent, torsion free O^-module. Let T2 = be the quotient, 

so that ^ J'-'i — > if^ — > — > is an exact sequence of coherent sheaves on Z with 
generic fibre ^ Ei ^ E ^ E2 ^ 0- If r is the rank of J-2, we blow up the r-th 
Fitting ideal I of ^2 and get a proper morphism 

ip:Z' — > Z 

which is an isomorphism on the generic fibres. 

If we denote by I' the ideal ip^^{Z) • Oz' (which coincides with the r-th Fitting ideal 
of ip*J^2)i then £2 = V2*-^2/Ann^.jF2(2^') is a locally free sheaf on Z' by |Ray-Gru] , 
(5.4.3). Let J- be the coherent sheaf on Z' such that the sequence 

— >J=' — >£' — >£2 — >0 

with £' = ip*£ is exact. Since if is an isomorphism on the generic fibre and the 
generic fibre of T is Oz, the generic fibre of £' resp. £2 is isomorphic to E resp. £'2- 

Now let Ci,. . . ,Cr be the irreducible components of the special fibre Z'^^, and let 
Ci — > Ci be their normalizations. By : Cj — > Cj — > Z' we denote the corresponding 
morphisms. Since £2 is locally free, the sequence 

— > a* J- — > a*£' — > cti£2 — > 

is exact on Ci. Since the special fibre £1- is trivial, the sheaf a*£' is isomorphic to a 
power of the structure sheaf . In particular, it is a semistable sheaf of degree 
on the smooth, projective curve Ci over k. 

Therefore, the quotient a* £2 bas degree > 0. By the degree formula in |BLRj . 9.1, 
Proposition 5, it follows for the line bundle (det<f2)K, that 

X{Z^, {det £2)^) -X{2^,0z J > . 

Since the Euler characteristics are constant in the fibres of Z, we deduce deg(£'2) = 
deg((£'2)Q) = deg det((iS2)Q) > 0. Hence E is indeed semistable. □ 

Remark The indecomposable components Ei of a semistable bundle E of degree 
zero on Xc^ have degree zero since they are both sub- and quotient bundles of E 
and hence have deg Ei < and deg Ei > 0. If X = ^ is an elliptic curve over Qp the 
converse is true. A vector bundle E on Aq^ is semistable of degree zero if and only 
if it is the direct sum of indecomposable bundles of degree zero. This follows from 
the splitting of the Harder-Narasimhan filtration on bundles over elliptic curves. 

By Theorem 5, p. 432 every indecomposable vector bundle of degree zero on 
^Cp is of the form L^F^ where L is a line bundle of degree zero and Fy is an iterated 
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extension of trivial line bundles. Using theorems 1111 and 1121 it follows that L ® Fj. 
lies in ®5lc ^'^'^ ™ case where A has good reduction even in ■ From all this 
one obtains: 

Corollary 15 Let A he an elliptic curve over Qp. 

a The category consists of all semistable bundles of degree zero on Ac . All of 

these are successive extensions of line bundles of degree zero. 
b // Ak has good reduction we have in addition *B^^ = 53 yi^.^ . 

The following result makes it substantially easier to verify that a vector bundle lies 
in '^Xo,D- 

Theorem 16 Let X be a model over Zp of the smooth projective curve X over Qp. 
Let k = ¥p be the residue field ofTLp. A vector bundle £ on Xo lies in ^Xo,D if o-nd 
only if there is an object n : y ^ X of Sx,d such that i^^Sk is a trivial bundle on 

yk = y 

Remark In particular, every vector bundle £■ on Xg whose restriction £k to the 
special fibre X^ of Xg is trivial lies in !Bx„ • As explained to us by Holger Brenner there 
exist examples of rank two bundles £ on smooth models of certain plane algebraic 
curves X such that is trivial and iScp is stable of degree zero. They are constructed 
by restricting suitable syzygy bundles on P^. 

Proof The necessity is clear. Consider a vector bundle £ on Xg with vr^<ffc trivial. We 
may assume that vr is in S^j^. The family (X, L>, fi, vr : 3^ — > X) descends to a family 
(Xo, Dq,J^, vto : 3^0 — ^ -^o) over Ok for K a finite extension of Qp. Here Xg is a model 
of Xq = Xo (S'ok K and ^ is a vector bundle on Xg (8) Ok/pok whose restriction to 
the special fibre Xqi^Ok/P becomes trivial after pullback along tto<SiOk/P- Moreover 
ttq is an object of j-,^. Let e be the ramification index of K over Qp and set 
Oyjf, = o/p^o = 'Lpjp^TLp. Note that this is compatible with our earlier notation 
On = TLpjp^ljp. Let TT^/e ) -E'j^/e ^tc. be the base change with o^jf,. Since vri/g is also 
the base change of ttq (X" Oi^ /p with o^je it follows that 7r*yg<5i/e is trivial on J^i/e- By 
induction it therefore suffices to prove the following assertion: 

Given > 2 and some vr : ^ X in S'^^y) with T^*i^^_-y\^i^£{v-\)le trivial, there exists 
an object /i : Z — > X in S^^j^ with /i*^g<?j,/g trivial on Z^^j^. 

Consider the closed immersion i : 3^(i,_i)/e ^ yp/e &nd set 
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Here w is a prime element in Ok- Let r be the rank of £, then we have a short exact 
sequence of (Zariski-) sheaves of groups on y,y/e: 

MriJ) ^ GLriOy^^J ^ i^GL r{Oy^^_,,,J 1 . 

Here adj is the adjunction map and f{A) := 1 + A. Observe that / is a homomor- 
phism, f{A + A') = f{A)f{A') since AA' = in Mr{J) because = 0. Right 
exactness follows because GL^ is formally smooth over Z. We obtain an exact se- 
quence of pointed sets: 

Exactness can be checked directly. Alternatively one may identify sheaf torsors for 
the affine group scheme GL^ with vector bundles and quote [Uil HI Proposition 
3.3.1 for the non-abelian cohomology sequence and jCitij V Proposition 3.1.3 for the 
isomorphism 

H\y,/,,uGhr{0)) = H\y^,_^y,,G\.r{0)) . 

Note here that for elementary reasons we have i?^z^,GL ,.(0) = 0. 

Consider the class of T^*j^i^£u/e in H'^iyu/e^GLriO)). Via i* it is mapped to the 
class of 'i*T^*^i(.£v/e = '^\y-i)/e^{v-i)/e i-G- to the trivial class in H'^{y{y-i)/e, GLr(C>)). 
Hence is of the form Q, = f{A) for some class A = (A^i) in 

H\y,/„Mr{j)) = Mr{H\y,,,,j)) . 

Instead of recalling the argument from non-abelian cohomology we could also have 
quoted [Hi^ VII Theoreme 1.3.1 for this conclusion. 

The exact sequence on y^if,: 

— > Keiuj"-^ — >0 — >Q 
where g is multiplication by uj'^~^ gives a surjection: 

H\y,i,,o)^H\y,i,,j) 

because y^/e is one-dimensional. 

Hence we have = fg{B) for some matrix B = {Bj^i) with entries in H^iy^j^^O). 
If the genus of Y is zero, the same argument as in the proof of theorem ^2 shows 
that H^{y^if,,0) = and we are done. If the genus of Y is non-zero it was shown 
in the proof of theorem ^2 that there is a morphism p : ^ y va Sx,D such that 
p* : H^{y,0) H^0,O) satisfies p*{H^{y,0)) C p''H\^,0). By corollary 01 3 
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we may assume that the object /i : 3 — > ^ is even in S^j^. Arguing as in the proof 
of theorem II II (reduction step for the claim, with p and o„ replaced by to and 0,^/^) 
one sees that the induced map 

is trivial. The commutative diagram 

H^{y,/e, Mr{0)) H\y,,,, GL,(0)) 



V I & 



u / e. 



shows that p*/^^ is the trivial class. Hence 

f^t/e^i^/e = P*v I e<^*v I e^v I e) 

is a trivial bundle on "hyje^ as was to be shown. □ 

Remark The proof shows that a vector bundle E on Xo lies in *Bx„ if the special 
fibre iSfc is trivial. In this case, for each n > 1 there is a trivializing cover tt in S^^ 
whose generic fibre is a Galois covering of X with solvable Galois group. 

Definition Let R be a valuation ring with quotient field Q and residue field k. Con- 
sider a model X/R of a smooth projective curve X/Q and let £ he a vector bundle on 
X. We say that £ has strongly semistahle reduction of degree zero if the pullback of 
£k to the normalization C of each irreducible component C (with the reduced struc- 
ture) of Xk is strongly semistahle of degree zero. Note here that each C is a smooth 
projective curve over k. 

The following theorem is one of our main results. 



Theorem 17 Let X/Zp be a model of the smooth projective curve X/Qp. Let £ be a 
vector bundle on Xp- Then £ belongs to ^Xc,D for some divisor D on X if and only 
if £ has strongly semistable reduction of degree zero. In this case £ even belongs to 
,D o-nd 53^^ jj for two divisors D and D on X with disjoint support. 



The proof depends on the following result which for smooth projective curves is due 
to Lange and Stuhler jLSj 1.9 Satz. 



Theorem 18 Let E be a vector bundle on a purely one- dimensional proper scheme 
X over Fg. Then the following conditions are equivalent: 
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a) The puUback of E to the normalization of each irreducible component of X is 
strongly semistable of degree zero. 

b) There is a finite surjective morphism ip : Y ^ X where Y is a purely one- 
dimensional proper scheme over ¥q such that ip*E is a trivial bundle. 

c) Same as in b) but with ip a composition ip : Y Y ^ X for some s > where 
IT is finite etale and surjective and F = Fr^ = Fr^ is the q = p"^ -linear Frobenius on 
Y. 

Proof If b) holds then every irreducible component C of X is finitely dominated by 
an irreducible component D oiY . It follows that the pullback of £^ to C is trivialized 
by the finite surjective morphism D ^ C. Since semistability can be verified after 
pullback to a finite covering and since the absolute Frobenius is functorial, assertion 
a) follows. 

It remains to show that a) implies c). There are only finitely many isomorphism 
classes of semistable vector bundles of degree zero on a smooth projective curve over 
a finite field. It follows that there are only finitely many isomorphism classes of vector 
bundles E on X whose pullbacks to the normalizations of the irreducible components 
of X are semistable of degree zero. To see this, we first assume that X is reduced. 
Let X = U be the decomposition of X into its irreducible components and let tt : 
X = WCi, ^ X he the finite normalization morphism. Generalizing the arguments 
in the proofs of |BLRj . Ch. 9, Propositions 9 and 10 or Xiul_ Lemma 7.5.12 one sees 
the following: The cokernel of the natural injection of sheaves of groups GL r{Ox) 
7r*GLr(0^) is a skyscraper sheaf of sets Hajex^ins '''x*Sx where each set Sx is finite. 
Using [(irij III Proposition 3.2.2 we obtain a non-abelian cohomology sequence 

Yl Sx ^ H\X,GLr{0)) ^ H\X,Tr,GLr{Oj^)) = l[H\C„GLr{0)) . 

Here we have also used [HIl V Proposition 3.1.3 and the equation i?^7r*GLr(C') = 1 
which follows because vector bundles are locally trivial. Using |Gij III Corollaire 
3.2.4, it follows that there are only finitely many isomorphism classes of vector bun- 
dles on X which induce given isomorphism classes of vector bundles on the curves 
a. 

If X is not reduced, we have to show that the map 

H\X,GLr{0)) ^ H\X'^'^,GLr{0)) 

has finite fibres. By devissage it suffices to show that for every ideal C Ox with 
J'^ = 0, the map 

if : H\X, GLr{0)) — > H\X',GLr{0)) 
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has finite fibres where i : X' X \s the closed subscheme of X defined hy J . As in 
the proof of theorem 1161 we have a non-abehan cohomology sequence 

H\X,Mr{J)) ^ H^{X,Gl.r{0)) ^ H\X\Gl.r{0)) . 
It follows that (p has finite fibres. 

Now, if we are given a vector bundle E as in a) the pullbacks to of all the 
vector bundles F^E on X are semistable of degree zero. It follows that we have 
F^^E = F^E for some integers i > s > 0. For the bundle E' = F^E we therefore 
have F'^E' = E' where r = t — s > 1. Now, the proof of |LSj 1.4 Satz extends 
without change to an arbitrary Fg-scheme (note that in LS, the proof that vr is finite 
is omitted, but this is not difficult). This shows that there exists a finite etale and 
surjective morphism vr : y — > X such that ti*E' = tt*F^E is a trivial bundle. With 
X, the scheme y is a purely one-dimensional proper Fg-scheme as well. It follows 
that {ttoFyYE = (F^oTryE = tt*F^E is a trivial bundle as was to be shown for 
c). □ 

Proof of theorem 1171 For a vector bundle £ in *Bx„ ,d choose a cover vr : 3^ — > X 
in such that 7rl£k is a trivial bundle. Let Xk = [J^ be the decomposition 

of Xk into irreducible components. Since X is irreducible and 7r(3^) is closed and 
contains the generic point of X, the map vr is surjective. Therefore any is finitely 
dominated by an irreducible component of y^- As above it follows that the pullbacks 
of £k to the Cu are strongly semistable of degree zero. 

Now assume that the vector bundle £ on Xg has strongly semistable reduction of de- 
gree zero. There is a finite extension K of Qp with ring of integers Ok and residue field 
K ~ Fq such that the family {X,X,C^,£k) descends to a family (Xj^, Xp^, Cj^o, ^o) 
with corresponding properties. In particular £o is a vector bundle on the special 
fibre Xq = Xoif <8> k whose pullbacks to the normalizations Cj^o of the irreducible 
components C^o of Xq are strongly semistable of degree zero. Using theorem ^1 
we obtain a finite etale morphism ttq : 3^o ~^ such that for the composition 
'Po '■ 3^0 yo ^0 the pullback bundle iPq£o is trivial. Note that in this state- 
ment we may replace s by any integer s' > s and hence F by any power of F. Next, 
using |SGAlj IX theoreme 1.10 we may lift ttq : 3^o ^ to a finite etale morphism 
t^ok ■ yoR- ~^ ^ok whose special fibre is ttq. After replacing K by a finite extension 
and performing a base extension to the new Ok, theorem ^ 5) allows us to dominate 
TTo^ by an object tto^ : 3^0^ — ^ °f "^Xo ■ Lipman's desingularization theorem 
we may assume that J^oa- besides being semistable is also regular c.f. |Liulj 10.3.25 
and 10.3.26. Replacing F by Fr^ where q = now denotes the order of the new 

residue field it follows that under the composition Lpo : y^ 3^o the pullback 

(/Jq'^o is a trivial bundle. 
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The irreducible regular surface ypj^ is proper and flat over Ok- Hence by a theorem 
of Lichtenbaum |Lichj there exists a closed immersion J^qa- ^ '^K- Let Hi 

be the coordinate hyperplane Xj = in P^, and put A = Uilo ^i- Then \ A = 
'^mK- observe that for any finite set S of closed points in P^ there is a linear 
isomorphism / € PGLjv(ox) of P^ such that its generic fibre fx maps S to P^ \ A. 
Hence we can choose a closed immersion r : 3^ok 
contained in A. Consider the finite morphism Fg^^ 



in such a way that Yk is not 
: P^. P^ given on A-valued 

"^m K ~ \ ^ ^^^^ morphism is etale. Define an Ox-scheme y'^^ by the cartesian 
diagram: 



points by mapping [xq : . . . : xn] to [j;g : . . . : x^] for any OT^-algebra A. Over 



J AT 
OA' 



Ok 



Ok 



Then is finite and pK = Pok ® ^ • ~^ is etale over Uk = H <S 
Let D'^ be a divisor on Yk whose support is Yk \ Uk- Let pQ = ® «^ : 3^o 
be the special fibre of Poa - The reduction of is F^ i.e. the rs-th power of the 



''m,K- 



absolute Frobenius morphism on P^. Define a morphism i : y^ 
commutative diagram 

3^0 



y^ over K by the 




Lemma El below implies that i induces an isomorphism y — ^ y^'^'^- Set Dk = 
t^k{D'j^). Base extending the situation to o-^ = Zp we obtain an object tt' : y' 
3^ X of Sx.D- Moreover is trivialized by pullback via the composed map 



yk ^ X 



Xk since we have vrl 



T^k°{Pk°ik) = T^k^iF"" ®K k) and £k 



£q (g)^ k. In addition induces an isomorphism of y onto y'^ . For this, note that 
y^'^'i = {y^ 0^ kf"^ = J^^'-^d ^ g-^pg -y/red ^ -y^ geometrically reduced. By 

corollary 121 3) there is an object p : Z — > j£ of S^j^) such that p factors over tt': 



The special fibre of Z is reduced. Hence the morphism ip^ '■ Z^ ^ y'f^ factors 
over Ik : y ^ 3;^>^^d ^ and therefore pk factors over TT^oi^. It follows that 
/i^ffc is trivial. Applying theorem 1161 it follows that £ is an object of ^Xo,D- Let 
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T '■ ^ ^Oif be the projective embedding above. By the above observation on 
hnear automorphisms, after changing r by some / G PGL7v(o_ft:) we can assume that 
tk maps the support of tt'^Dk to \ A = ^. Let Dk be a divisor on Yk with 
support equal to Yk \ Yk n t^^(G^ ^). Then we have seen that £ is in *B^^ ^ where 

is the base-change of t:k{Dk)- By construction, Dk is disjoint from tt'^Dk and 
hence is disjoint from D. □ 

Lemma 19 Let T be an ¥p- scheme and let t : S ^ T be a closed immersion of a 
reduced subscheme S of T. For an integer N > 1 consider the canonical diagram 
where the square is cartesian: 




T 



Then the induced map i : S ^ S' is an isomorphism. 

Proof We may assume that T = speci? is affine. Then we have S = spec-R/a 
for an ideal o with a = y/a and S' = spec R/b where b is the ideal generated 
by all elements with r G a. The homomorphism : R/b R/a is given 
by i'^{r mod b) = r mod o. It is immediate that \/b = a. Hence i : spec R/a — > 
{spec R/by^'^ = spec{R/Vb) is an isomorphism. □ 

The following result due to M. Raynaud improves theorem El in the case of good 
reduction. The proof is a modification of the argument for theorem 1171 

Theorem 20 Let jC/Zp be a smooth model of a smooth projective curve X/Qp of 
nonzero genus and let £ be a vector bundle on Xg- Then £ belongs to 55 if and 
only if £k is strongly semistable of degree zero on the smooth projective CUTVC ^/j; 0V6T 
k. 

Proof Assume that £k is strongly semistable of degree zero. As in the proof of 
theorem [T7I we descend {X,X,£k) to a family {Xk,Xoj^,£o) for a finite extension 
K/Qp with residue field K^¥q,q = p\ 

Since £o is strongly semistable of degree zero on the smooth projective curve Xq = 
X K over K, theorem El or in fact the original result in |LSj 1.9 Satz provides us 
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with a smooth projective curve 3^o over k and a composition ipQ : yo — > yo — > Xq 
with s > and ttq finite etale such that the bundle ^PqSq is trivial. As before we 



may lift ttq to a finite etale morphism tto^^ : y, 



'Ok 



-OA- 



Then y^^ is a smooth and 



proper irreducible Oi^-scheme. As in the proof of theorem El we can replace K by 
a finite extension and hence assume that we have a section y G 3^o/f (°^) — Yk{K). 



Set e = Pic' 







and consider the Albanese map 



T-.y^ 



Ok 



A = B 



with r(y) = 0. Define 3^p^ by the cartesian diagram 



(4) 



y'l 

•J' Ok 



A- 



Ok 



■A 



After reduction, the ^'^-multiplication map on Aq factors 

q' -.Ao^Aq^ Ao 

with V the r-th power of Verschiebung and F = Frp. Correspondingly the reduction 
of diagram Q) factors into two cartesian diagrams: 



A 



^ -A 



■yo 



0— ^ 



By lemma IT^ the diagram 




induces an isomorphism i : 3^o ^ 



/red 

• 



Base extending to Zp resp. k we can 



dominate y" = y'^^ (8) Zp by an object fi : 3 



X of 



Since 3fc is reduced, the 



reduction //^ factors over 

yk""^ ^y'k^yk and hence over /c : y^ 
^i%£k is a trivial bundle and we conclude using theorem 1161 



yk. 



Hence 
□ 
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3 Etale parallel transport for vector bundles in 55 



For vector bundles in 5Sxo,D) ^Xcp,-D and ''&Xc D ^^^^ construct canonical 
isomorphisms of parallel transport along etale paths between geometric points of 
X \ D. We begin by recalling some facts about the fundamental groupoid. The 
general reference is |SGAlj . 

Let Z be a variety over Qp and choose a geometric point z in Z{Cp). Let Fz be the 
functor from the category of finite etale coverings Z' of Z to the category of finite 
sets defined by Fz = Mor^(z,_). It attaches to Z' the set of Cp-valued points of Z' 
lying over z. The functor Fz is known to be strictly pro-representable: There is a 
projective system Z = {Zi, Zi, of pointed Galois coverings of Z where I is a 

directed set, and the Zj £ Zi{Cp) are points over z. Moreover, for i > j the map 
: Zi — > Zj is an epimorphism over Z such that (j)ij{zi) = Zj and such that the 
natural map 

\imMoTz{Z„Z') ^ Fz{Z') 

i 

induced by evaluation on the ZiS is a bijection for every Z' . 

For our purposes, we define the etale fundamental groupoid ^i{Z) of Z as a topo- 
logical category, as follows: The set of objects of ^i{Z) is Z{Cp). For two Cp- valued 
points z and z* of Z set 

(5) Morn,(z)(^,^*) =Iso(F„F,0 . 

Such an isomorphism of fibre functors will be called an etale path (up to homo- 
topy) from z to z* . Using the pro-representability of Fz and -F^*, one sees that 
Morni(2)(2, z*) is a pro-finite set and as such a compact totally disconnected Haus- 
dorff space. Moreover, composition of morphisms gives a continuous map 

Morn,(z)(^,^*) x Morn, (z) (^*, ^**) ^ Morn, (z)(^, ^**) • 

The etale fundamental group with base point z is the profinite group 

7ri(Z, z) = Morn,(z)(-z, z) = Aut(F) where F = Fz . 

There is an isomorphism of topological groups 

(6) TTi{Z, z) ^ ^imAutz (Zi) 

Here the natural transformation ap '■ F — > F given by the family of compatible 
bijections (^F{Zi) '■ ^{^i) ~^ ^i^i) for i G / is sent to the projective system {ai)i^i 
where o", G Aut z{Zi) is uniquely determined by the relation: 

ai{zi) = aF(z,){zi) ■ 




32 



Let Repni(z)(o) resp. Repni(z)(Cp) be the o-linear resp. Cp-linear categories of 
continuous functors from Ili(Z) into the category of free o-modules of finite rank 
resp. the category of finite dimensional Cp-vector spaces. Here a functor between 
topological categories is called continuous if the induced maps between the topolog- 
ical spaces of morphisms are continuous. 

We now make some remarks on the functoriality of Hi . 

Let a : Zi ^ Z2 he a morphism of varieties over Q^. There is an induced continuous 
functor a* : ni(Zi) 111(^2) defined as follows. On objects a* is the map a : 
Zi{Cp) — Z2{Cp). For points z,z' of Zi{Cp) it remains to define continuous maps 

a* : lso{Fz,Fz>) — > Iso (F^(^) , ^^(y)) . 

For a finite ctale morphism Y2 ^ Z2 consider the base change 
Yi = Y2 X Z2 Zi ^ Zi. There are natural bijections 

F,(yi)^F,(,)(y2) and F,,(n)^F,(,,)(y2). 
For 7 G 180(^2,^2;/) define a*(7)(i2) as the composition: 

a*(7)(^2) : i^a(.)(l2) = F,{Y,) F,.{Y^) ^ F^^,,){Y2) . 

This defines an isomorphism a* (7) of fibre functors. By construction, the map 
7 1-^ a* (7) is continuous. It is clear that a* defined on objects and morphisms gives 
a functor. 

For a second morphism /3 : Z2 ^ Z3 of varieties over we find that (/?oa)* = 
/3*oa* : Ili{Zi) 111(^3). Obviously id* = id. 

Now we consider the effect of Galois conjugation on fundamental groupoids. For a 
scheme Y over and an automorphism a of Qp over Qp set '^Y = Y (g)Q ^ Qp and 

write a : Y — > ^ for the inverse of the projection map. 

We now define a continuous functor cr* : ^i{Z) — > ni(°"Z). On objects, a* is defined 
by mapping z £ Z{Cp) to "^z = aozoa~^ = aozospeca in '^Z{Cp). 

The continuous map a* between the spaces of morphisms 

(7* : Iso {F^,F^,) ^ Iso {F.^, Fa^,) 

is obtained as follows: Every finite etale cover of ^ Z is of the form '^Y for a finite 
ctale cover Y of Z. It is clear that F-r^CY) = Fz{Y) naturally for every point z of 
Z{Cp). Define (T*(7)('Y) as the composition: 

(7*(7)m : F^.m = F,{Y) ^ F,.{Y) ^ . 
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This defines an isomorphism of fibre functors (J*(7). The map 7 1— cr*(7) is continu- 
ous. The maps cr* on objects and morphisms define a functor cj*. It is clear that we 
have (ar)* = (7*or* as functors from Ili{Z) to HiC'^Z) = Hi^^f Z)). 

If Z is already defined over an extension K C Qp of Qp i.e. Z = Zk ®k Qp for some 
variety Zk over K then for every cr G Gi^- = Ga^Qp/ii') the map idXspccxspcc {(J^^) 
gives a Qp-linear isomorphism '^Z Z. This will be used to identify '^Z with Z. It 
follows that for such Z the group Gk acts from the left by continuous automorphisms 
on the category IIi {Z) . 

For a topological group S let Rep e(o) be the category of continuous representations 
of E on free o-modules of finite rank. We define Rep s (Cp) similarly. 

All these categories are equipped with a tensor product, duals, internal homs and 
exterior powers. The o-categories are exact, the Cp-categories are even abelian. 

Lemma 21 For a variety Z as above and a fixed point zq G Z(Cp) the natural 
forgetful functors 

R-epni(z)(o) — ^ Rep^^(2,^g)(o) and Repni(z)(Cp) — ^ Kep^^(^z,zo){'^p) 
are fully faithful. 

Proof Since Z is connected all objects of Iii{Z) are isomorphic to each other. Faith- 
fulness follows. Given representations V and V' of Iii{Z) let us write Vz = V{z) 
and = V'{z). Given a 7ri(Z, zo)-equivariant homomorphism : V!,^ 
define fz'-Vz^ for arbitrary z G Z(Cp) as follows. Choose an etale path 
7 G Morn^(z)(^) -^o) and set fz = ^^'(7)^^ °/2o °^(7)- This is independent of 7 since 
fzo is Autni(z)(2^0) ^o)-equivariant. One checks that the family of homomorphisms 
ifz)zeZ(Cp) defines a morphism of functors from V to V which induces /^g. Hence 
the above forgetful functors arc full. □ 

Consider as before a smooth projective curve X over Qp, a divisor D in X and a 
model XoiX over Zp. Set U = X\D. 

Given a bundle £ in ^Xo,D, we will construct a continuous functor p£ from Ili{U) 
into the category of free o-modules of finite rank. By properness X{Cp) = Xo(o). 
Hence we may view any geometric point x G X{Cp) as a section Xg : speco Xg 
over speco. We write £x„ = x^S viewed as a free o-module of rankr = rank£^. The 
reduction Xo{o) — Xg{On) = Xn{On) maps Xg to a morphism 

Xji '■ spec On — spec Xg 



34 



and we set Ex^ = x*^E = '^o viewed as a free On-module of rank r. We have 

n 

as topological o-modules, the topology on E^n being the discrete one. We define p£ 
on the set of objects U{Cp) of ni(f7) by setting p£{x) = E^o- It remains to define 
continuous maps: 

pe : Morni((/)(a;,a;') = Iso (F^; , F^./ ) — > Yiom.o{£x,,ExO ■ 

These in turn will be obtained as the projective limit of maps 

ps^n ■ lso{Fx,Fx') — > Rom.o„{£x„,£x'J 

for n > 1. By construction each map p£^n will factor over a finite quotient of the 
pro-finite set lso{Fx,Fx'). Hence each is continuous and therefore ps will be 
continuous as well. 

Now, given 7 in Iso {Fx, Fx') and some n ^ 1, let us construct ps^n 

(7). By definition 

of and by Corollary |31 3) there exists an object vr : 3^ — > X of S^'^ such that 

T^n^n is a trivial bundle. Set Y = y (dQp and V = Y \ Tr*D. Then V ^ U is a, finite 
etale covering. Choose a point y G V{Cp) above x and let y' = G V{Cp) be the 
image of y under the map 

7v:Fx{V)^Fx'{V) . 

Then y' lies over x'. Since the structural morphism A : 3^ — > specZp satisfies X^Oy = 
^specZ universally, we find Xn*^yn = C'gpoco^ and therefore the pullback map under 
yn '■ spec On 3^n IS an isomorphism: 

Vn '■ r(3^n,<'fn) ^ r(spec o„ , = r(speco„,x*£:„) = £x„ . 

We can now define pe,n{'j) to be the composition: 

PS,nil) = l{yTn°{y*n)'^ = Vn ° {vl)"^ ■ ' • 

Note that by construction p^^n factors over the finite set Iso {FxiV) , Fx' iV)) . 

Theorem 22 The preceeding constructions are independent of all choices and define 
a continuous functor p£ from Iii{X \ D) into the category of free o-modules of finite 
rank. 

Proof We first check that ps^nil) does not depend on the choice of the point y above 
X. So let z be another point in V{Cp) over x. By theorem 0] there are a finite group 
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G and a G-equivariant morphism vf : 3^ ^ X defining an object of "X^^, together 
witli a morphism ^ ■ y ^ y with n = noip. In particular V = Y \ Tr*D is a Galois 
covering of U with group G. Here y is the generic fibre of 3^. Choose points y and z 
in V{Cp) above y resp. z. Then the points jy and jz lie above 7?/ resp. 72;. Since y 
and z both lie above x, there is a unique cr in G with ay = z and hence with uyo = Zg 
and cjyn = -Zn as well. By construction the following diagram is commutative: 



f 



Hence we have the formula: 



■r(>'„,7r*<S„ 

■nyn,K£n 



(iy)n 







-* 

Vn 





and similarly 



(7z):o«)-^ = (7^i:o(5:)-i. 

Now, z = a°y implies that z* equals the composition 



By naturality of 7 we have 72 = £707^ and as before (7^)5^ = (7^)* °C7*. Thus we 
find 

(7z):o«)-^ = (7^~):°(5:)-' = hy)>^*H^T'<y:r' = {iy)>{yl)-' ■ 

Now we prove that ps,n{l) does not depend on the trivializing cover vr : ^ X. So, 
let vf : j) — > X be another object of S^'^ such that 7f^<?n is a trivial bundle. 

By CorollaryEJ 3) we may assume that there is a morphism <^ : 3^ — > 3^ with vf = vr o 
With notations as above choose a point y G V^(Cp) above x and set y = ip^ (y) where 

if-^ : y ^ y is the induced map on the generic fibres. It follows that ip-^ (77/) = jy 

and by properness of y and y over specZp that yg = fiijo) and (7^)0 = ^{i'yy)o)- 
One obtains the same diagram as above. 



Hence we have 



iiy)>iy:r' = iiy)>irnr' 



and this implies that ps,n{l) does not depend on the trivializing good cover. Hence 
P£,ni'y) is well defined. 
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It is clear that we have p£;,„(id) = id for the trivial path id G Iso {Fx,Fx). For paths 
7 G Iso {Fx, F^i) and 7' G Iso (F^./, F^//), choosing a point y G V^(Cp) over x, the point 
7y lies over x' and hence we have 

Pe,n{l) = {iy)n ° iVny^ and p£,n{l') = il' {ivWu ° {iy)n~^ ■ 

This implies the equation: 

(7) p£,ni'y')°P£,ni'y) = {{i °i){y))n°{y*n)~^ = ps,n{i°i) ■ 

We now check that the maps 

PS,n ■ Iso (-F^, Fa;') ' '^Om.o„{£xr,,£xO 

form a projective system with respect to the natural projections 

An+l : Homo„+i(fx„+i,fx;+i) ^ Homo„+i(fa;„+i,^a;;+i)'X'o„+iOn = Homp^ (£^a;„ , ^< ) 

i.e. that \n+l°P£,n+l = P£,n- 

For a given n > 1 choose it : y X in S^'^ such that 7r*_,_]^<?„+i is a trivial bundle. 
Then 7r*£^„ is trivial as well. For y in T^(Cp) over x and 7 G Iso {F^, F^') consider the 
commutative diagram where a and b are the natural maps 

spec On ^" > spec On 



spec o„+i 



yn 



+1 



(72/) 



n+l 



spec o„+i 



It induces a commutative diagram 



_ (')'J')n+l 



f 



■T{yn,K£n) 



('yv)n 



n+l 

h* 

x~, 



The maps b* are just the natural reduction maps from the On+i-module £xn+i resp. 



to the On-module £x 



£x„+i ®o„+i On resp. £^a;' — fa;' 



Hence 



the map p£,n{'l) = {'iy)n°{yn)~^ is the reduction mod of the map P£,n+i{l) 

(72/);+i°(y;+i)~^- 



Let 



P£ : Iso (Fj;, Fj./) — ^ Homo(£:a;„ , £:a./ ) 
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be the projective limit of the maps pe,n- Using ((T)) it foHows that together with the 
previously defined map ps on objects, we obtain a continuous functor from Tli{X\D) 
into the category of free o-modules of finite rank. □ 

For a fixed Cp-valued point x oi X\D the continuous functor induces in particular 
a continuous representation 

PS ■■ \D,x)= Autni(x\D)(a;) — > A\xto{£x,) ■ 

In a preliminary version { |De-WeT] 1 we defined a representation p^ in the following 
way: Choose a G-equivariant morphism vr : 3^ ^ 36 in T^°*^ such that vr*!?^ is a trivial 
bundle. The choice of a point y G Y[Cp) above x determines a homomorphism 

7ri(x,x) ^ Aut;^py = G°p ^ Auto„r(3^„,<£:o , 

i.e. a left action of 7ri(X, x) on r(3^n, 7r*<S„). Transporting this action to Ex^ via the 
isomorphism 

r(3^„,7r*£:„) — > fa;^ 

gives a representation pE^n of vri(X, x) on <Sx'„- The projective limit of the ps^n defines 
a representation pE ■ ■7Ti{X,x) Auto(<f^xo)- 

Proposition 23 The representations pE and pE '■ tti{X,x) Auto('fxo) agree with 
each other. 

Proof The present construction obtains pei'y) as the limit of ps,n{l)i where ps,n{n) 
is the composition 

/ * \ — 1 

We now show that ps,n{l) = Ps,nil)- For this, note that under the map (py the 
natural transformation 7 is sent to the unique automorphism a & G oi Y which 
sends y to 7?/. Hence we have 

PeAl) =V*n°'^*°{y*nT^ = icry)n°iyn)"^ = {iy)n°{y*ny^ = PS, nil) ■ 

□ 

We now turn the map £ ^ ps into a functor p from ^B^^.d into Rep ni(x\D) (")■ 
Let f : £ ^ £' he a morphism in ^Xo,D- We claim that the family of o-module 
homomorphisms 

fx, = x*J : £x, 4„ for all x G C/(Cp) = Ob Hi [U) 
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defines a natural transformation, denoted by from pg to pgi. So, let 7 G Morni((7)(x, 

be an etale path. For a given n>l there is an object tt : 3^ — > X in ^^"^f such that 
both 7r*£'n and 7r*£^4 are trivial bundles. This follows from Corollary |5l 3). Let /„ 
be the reduction of / mod and set fx^ = Choose a point y above x and 

set y' = 'jy. Then the commutative diagram 



iy'r: 



F' 



shows that we have fx'^° PE,n{l) = PE',n{'y) ° fx„- In the limit we obtain that 
fx'„°Ps{l) = P£'{l)°fx„- Hence pj = (/^J is a morphism from pe to p£>. It is 



clear that in this way we obtain a functor p 
proposition is easy: 



The proof of the following 



Proposition 24 The functor p = p^ : ^Xo,D ~^ I^^P ni(x\D) (") ^-^ o-linear and 
commutes with tensor products, duals, internal horns and exterior powers of vector 
bundles. Exact sequences of bundles are mapped to exact sequences of representations 
ofUi{X\D). 

We now describe the effect of Galois conjugation on p. Consider an automorphism 
a of Qp over Qp. It induces a cj-linear functor a* from Vecx^ to Vecr^^^ . Here 
"^X = X ®-!g ^ Zp and hence i^X})o = Xo '^o,a = ^Xo- The functor a* sends the 
vector bundle £ over Xo to the vector bundle '^£ = £ ®o,(t over ^Xo- A morphism 
/ : iSi ^ 1S2 is sent to ^f : ^£1 "£2- On the other hand we have a c-linear functor: 

: Repni({/)(o) — > Repni(<T[/)(o) . 

It is obtained as follows. Let Mode be the category of free o-modules of finite rank. 
We define a continuous cr-linear functor 

cr* : Modp ^ Mode 

by mapping an o-module T to (T*(r) = T, which is F as a set but with the twisted 
o-module structure A • 7 = o"~"'^(A)7 for A e and 7 G F i.e. '^F = F (8)0,0- O- We 
write the identity map F-^Tas(T:F^T since it is cj-linear. An o-module 
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homomorphism / : Ti — >^ r2 is sent to '^f = f in the first description of T and to 
/ <8)o,(T in the second. 

On objects of Repni(r/)(o), i-e. on continuous functors T : Iii{U) — Mode, the 
functor Co- is defined by setting Co-(r) = cr* oTo (cr^)~i where 

(T* : Ili{U) — > Ili{°U) is the isomorphism of categories recalled above. For a 
morphism / : F — > F' in Rep ni(c/)(o), i-e. a family of o-module homomorphisms 
: F^ ^ T'^ for x G U{Cp) with r'{j)of^ = f^,or{j) for all 7 G Morn,(t;)(x,x') 
we define Co-(/) : Co-(F) ^ Co-(F') as follows. Every point of 'V(Cp) is of the form 
'^x = cr* (x) for some point x of U (Cp) . Hence we have to define an o-linear map 

CMhx ■■ C,(F)., = ((7,oF)(x) (a,oF')(x) = C,(F').. 

for every x E U (Cp) i.e. a map 



In the above notation we set Ca{f)'^x = ° fx°'^~^ ■ The family (Co-(/)o-a:) defines 
the desired natural transformation Ca{f) and Co- becomes a functor which is easily 
checked to be o-linear. 

Moreover we have C^-o = C^ o Co- and Cid = id in an obvious sense. 

With trivial changes we also get analogous functors a* : Q3xcp,D ^'^Xcp,'^D and 
(7* : Veccp Veccp and Co : Rep ^ (c/) (Cp) Repni(<^!7)(Cp). 

The proof of the following proposition is routine. 

Proposition 25 In the above situation the diagram of categories and functors is 
commutative (up to canonical isomorphisms of functors): 



5S3s;„ ,D ^ > R-ep ni(;7) (0) 



^S'^Xc, -^—^ Rep Hi c^u) (0) 
In particular, we have for £ in ,D that 

p<'S = °(o-*)~^ 
as functors from Ili{°U) to Modp. 

Remark It also follows that if X and D are defined over Ox, so that {^X,'^D) can be 
identified with {X,D) for all a G Gk, the functor 

P ■■ ^Xo,D — ' Repni({7)(o) 
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commutes with the left G^-actions on these categories defined by letting a act via 
cr* resp. via C„. 

The next type of functoriality will be used all the time later. Let a : X — > X' be a 
morphism over Zp of models and let D' be a divisor on X' . Set U' = X' \ D' and 
U = X \ a*D'. The generic fibre of a induces a functor 

A{a) : Repni(c/')(o) — ' Repni(t/)(o) 

as follows: For an object F of Repni(;7')(o) we define A{a){T) to be the composed 
functor: 

A{a){r) : Ui{U) ^ ni([/') ^ Modo • 

For a morphism / : Fi ^ F2 in Repni(;7')(o) given by a family of o-linear maps 
fx' '■ Tlx' — ^ ^2x' for x' G U'{Cp) we define A{a){f) to be the family of maps 

A{a){Ti).^ = Fi^^(2.) ^^^^ T2,a{x) = A{a){T2)x ■ 

It is clear that A(a) so defined gives a functor and that for a second map a' : X' — > X" 
we have A{a' oa) = A(a)oA(a'). 



Proposition 26 For a morphism a : X — > X' as above the pullback along a* induces 
a functor a* : ^x'o,D' ~^ ^Xa,a*D' o.n-d the following diagram of categories and 
functors commutes (up to canonical isomorphisms): 



(8) 



■R-ep Hi ({/')(") 

A(a) 



Sx„,a*D' — ^R-epni{c/)(o) 
In particular, for every £ in ^x'„,D' have 
(9) Pa*e = P£°a* 

as functors from Ili{U) to Modj,. 



Proof Let £ he a vector bundle in ,D'- By proposition 1^1 a*£ lies in ^Bx„,q*d'- 
We have {poa*){£) = pa*e and {A{a) o p)(^£) = p^oa^. Commutativity of © on 
objects is therefore equivalent to Q- On objects, relation simply says that 
{a*£)x = £a(x)i ^ canonical isomorphism. For 7 S Mornj(t/)(x, z) it suffices to show 
that for every n > 1, we have 

(10) Pa*e,n{"f) = P£,n(a*(7)) • 
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Let tt' : y' ^ X' be an object of such that i^nSn is trivial. Choose some 

TT : y ^ X in S^^ti), covering the object tt : y = y' Xx' X. ^ X of Sx,a*D', so that 
we get a commutative diagram 




Let y be a point in V{Cp) above x and set y' = il^iy), a point in F'(Cp) above a{x). 
Now, pa*£ n IS the composition 



{a t)x„ > r(3^„,7r„a„f„) > [a £)z„ 



and pe,n{o!^{'y)) is the composition 

Hence, for Q it suffices to show that the following diagram commutes: 



(o,(7)j/')n 



£. 



a{z)n 



For the left square this follows from the relation y' = tpoy ss morphisms from spec Cp 
to V' C 3^'. Similarly the right square commutes because we have Q^=(7)y' = ijjo {^y). 

Namely, factoring ^/^ as a composition if) : y ^ y ^ y' and setting y = h{y), 
we have a^{i){y') = a^{-i){a{y)) = a{jy) = a{-f{by)) = {aob){-/y) = tpijy). It is an 
immediate consequence of the definitions, that diagram © commutes for morphisms 
i.e. that A{a)pf = pa*f for all / : <?i — > £^2 in ^x'„,D'- ^ 



We can now define a parallel transport along etale paths for the bundles in ,D- 



Proposition 27 Let X he a smooth, projective curve over Qp with models Xi and 
X2 over Zp . Then there is a third model ^£3 of X together with morphisms 

XPl /y- P2 /Y*- 
1 < -^S ^ -*2 
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restricting to the identity on the generic fibres (after their identification with X). 
For any divisor D on X we have a commutative diagram of fully faithful functors 



53 



X2o,D 




Proof Descend X to a smooth projective curve Xk over a finite extension K of Qp, 
and Xi,X2 to models Xi^ok i ^2,0^ -^k over Ok- Let X*^ be the closure of the 
image of the morphism 

Xk — * XspccK Xk > Xi,Oa- ^spcco^ ^2,0k 

endowed with the reduced subscheme structure. Let Xs^oa- be the normahzation 
of X*^, . Then there are natural morphisms ^^,ok ~^ ^*ok ~^ -^i.oa- ^3,ok ~^ 
— > ^2,0^: restricting to the identity on the generic fibres. Now the first claim 
follows by base change. It remains to show that for any model X of X the functor 
3Xo ■ ^Xo,D ® Q ^ ^Xcp,D induced by the canonical morphism jx„ : Xc^ — > Xg is 
fully faithful. For bundles £1 and £2 on Xg set F = Hom -p^ (<fi ,£•?)■ Then flat base 
change applied to the global sections of F implies that 

Hom3-„ {£i,£2)(^Q-^ Romxc^{j*x/i,j*x,£2) 

is an isomorphism. □ 

For every morphism / : X — > X' over Zp of models of X restricting to the identity 
on generic fibres, proposition 1261 gives a commutative diagram: 



,D ^ ^Xc ,D 

(11) 

Repni({/)(o) 
Next, note that there is a canonical functor: 
(12) Repn,(c/)(o)®Q^Repn,(c7)(Cp) . 
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!Bxi,D®Q -5Sx„,D® 




Thus we get a commutative diagram: 

(13) 

Repni(c7)(Cp) 
Together with proposition [JZl we obtain a functor 

p = : ^Xcp,D — > Repni(c/)(Cp) . 

Exphcitly, it is given as follows: For an object E of ^Xcp,D we obtain the continuous 
functor p{E) = pE : ^liU) Vecc^ by setting on the one hand Pe{x) = = x*E 
for X G U{Cp) = Obni({7). On the other hand, for G U{Cp) the continuous 
map 

PE = PE,x,x' ■■ Morni(c/)(x,x') — > RomCpiE^, E^>) 

is given by 

Pe{i) = ° (psil) Cp) o V'a. . 
Here we have chosen a model X X over Zp and a bundle if^ in !Bx„ ,d together with 
an isomorphism ip : E ^ j"^^ E in Vecxc^ • Moreover is the fibre map: 

■0^ = : (ixo"^)!: = ®o Cp = ^1 Q • 

For a morphism f : E ^ E' in 53 Xc ,Z) tlie morphism /9(/) = pj : pE ^ Pe' '^s given 
by the family of linear maps fx = x*{f) : E^ ^ E'^ for all x e C/(Cp). 

The main properties of parallel transport for bundles of class *B on p-adic curves are 
collected in the next result: 

Theorem 28 Let X, X' be smooth projective curves over Qp and let 
f : X ^ X' be a morphism between them. Let D and D' be divisors on X and 
X'. 

a The junctor 

P ■■ ^Xcp,D — > Repni(t/)(Cp) 

is Cp-linear, exact and commutes with tensor products, duals, internal homs and ex- 
terior powers. 

b Fullback of vector bundles induces an additive and exact functor 
f* : ,D' ~^ ^Xcp,f*D' which commutes with tensor products, duals, internal 

homs and exterior powers. The following diagram is commutative: 

^^Cp.-D' — ^Repni(x'\D')(Cp) 
(14) r 



^^Cp,/*o' — ^Repni{x\/*D')(*Cp 
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In particular, for E in ^XcpJ'D' we have 

(15) Pf*E=PE°f* 

as functors from Ili{X \ f*D') to VecCp. 

c For every automorphism a of Qp over Qp the following diagram commutes 



■R'epni{c/)(Cp) 



(16) 



^-Xcp — ^ Rep Hi (Cp) 

In particular, we have for E in ®Xcp ,D that 

P'^E = <y^:0 p^o^a^^y^ 

as functors from YliyU) to Vecc^. If X = Xk ®k Qp and D = Dk ®k Qp for some 
field Qp <Z K <Z Qp, so that {"X^ ^D) is canonically identified with {X, D) over Qp 
for all a G Gk, the functor 

P ■■ ^Xcp,D — > Repni({/)(Cp) 

commutes with the left Gk -actions on these categories, defined by letting a act via 
cr* resp. via Co-. 



Remark As usual, for diagrams of functors to commute means to commute up to 
canonical isomorphisms. 

Proof Assertions a and c follow from propositions 1241 and 1251 respectively. Assertion 
b follows from proposition 12^1 and lemma |H1 □ 

Assume that X has a smooth model X over Zp. Then by Theorem 1121 every line 
bundle of degree zero on Xcp lies in ^Xcp ■ Hence our functor p induces a homomor- 
phism 

Pic°(XcJ Homcont(^i(^,a;),C;) . 

In |De-We2] we show that on a certain open subgroup of Pic^{X£p) this homomor- 
phism coincides with the one constructed by Tate in |Taj § 4 using the p-divisible 
group of the abelian scheme Pic'?.,= and its Cartier dual. 

X/ iLp 

The following theorem gives another relation to Tate's work |Taj . A proof is contained 
in |De-We2j . 
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Theorem 29 Let X he a smooth, projective curve over Qp with a smooth model X 
over Zp. We write Ext^^ (0,0) for the Yoneda groups of isomorphy classes of 

extensions ^ O — > 0{E) O ^ 0, where E lies in 55 Xc^- Since p is exact, it 
induces a homomorphism 

Then the following diagram commutes: 

Ext^,^^ {O, O) ^ ExtLp^^^,,^,(c.)(C., Cp) 



H\X, O) Cp ^ HliX, Qp) Cp 

where a is the Hodge-Tate map coming from the Hodge-Tate decomposition of 

Proposition 30 For a fixed point xq € U{Cp) the functor "fibre in xq" 

^Xcp,D — > Veccp , E I — > E^Q , / I — > 
is faithful. In particular, the evaluation map 

r(Xcj,,-E) — > E^g , s^ — > s{xo) 
is infective for all bundles E in ^Xcp,D- 

Proof The functor p : ^Xcp,D — > ^^PUi{u){^p) is faithful because a morphism of 
vector bundles f : E ^ E' is determined by the collection of linear maps fx-E^^ 
E'^ for all Cp-valued points x of Ucp cf. _EGAI 7.2.2.1. Using lemma it follows 
that the functor "fibre in xq" is faithful as well. In particular, the map 

T{Xcp,E) = Homxc^ (O, E) Homc,(Cp, E^,) = E,, 

is injective, where O denotes the trivial line bundle on Xcp- □ 

In order to extend the preceeding results to the category 55?^^ ^ we need the fol- 
lowing result. 
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Proposition 31 Consider a Galois covering a : Y ^ X between varieties over 
Qp. A (continuous) functor W : Ili{Y) C into a (topological) category C factors 
as W = Voa^: for some (continuous) functor V : Ili{X) C if and only if we 
have Woa^: = W for all a £ G = Gal(y/X). If a is only finite and etale but not 
necessarily Galois, the relation W = V oa^ already determines V uniquely. 
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Proof The condition W oa^, = W is necessary for the existence of V since 0^,0 a^, = 
(aofj)* = a^. Now assume that we have Woa^, = W for ah a. It imphes that 
Wo-(j^) = Wy for ah y € Y{Cp). Hence we may define 

V : X{Cp) = Obni(X) — > OhC 

by setting Vx = Wy for an arbitrary y G Y{Cp) with a{y) = x. We define 

V : Morn,(x)(a;i,X2) MordVx^Vx^) 

as foUows. Let yi G ^(Cp) be a point with a{yi) = xi. For any finite etale map a, 
the natural map 

(17) ]J Morni(r)(yi,y2) ^ Morni(x)(a;i,a;2) 

a{y2)=X2 

is a homeomorphism. Hence any etale path 7 from xi to X2 has a unique lifting to 
an etale path 7' from yi to some point y2 above X2- The desired relation W = V °a^: 
forces us to set ^(7) = W{'y'), a morphism from Vx-^ = Wy^ to Vx^ = Wy^. We 
have to check that this is well defined i.e. independent of the choice of yi. Let y'^ be 
another point above xi and let a G G be the automorphism with (jy\ = y^. Then 
cr*(7') is the unique path above 7 from y'^ to some point y'2 above X2. Thus we have 
to show that VF(7') = VF(o"*(7')). But this follows from the relation W oa^, = on 
morphisms. It is clear that y is a functor with W = V oa^. We have also seen that 
this property determines V uniquely. The continuity assertions are clear. □ 

Remark In particular the proposition applies to representations of ni(y) on Cp- 
vector spaces. There is no analogous result if one only considers representations of 
the fundamental group 7ri(y, y). For example, consider a smooth surface X with 
finite fundamental group and universal covering a -.Y ^ X. Then a representation 
of the trivial group TTiiY^y) carries no information whereas a representation W of 
ni(y) defines a transitive set of isomorphisms between the vector spaces Wy for all 
y in y(Cp). 

We can now define a functor p : 53j^^ ^ Repni(;7)(Cp) extending the functor p 

previously defined on ^Bxcp.D- Thus let E he a, vector bundle in *B^^ ^. Choose a 
ramified Galois covering a -.Y ^ X which is etale over U = X \ D such that a*E 
lies in ^Ycp ,a* D ■ By theorem |5H1 b we have 

Pa*E°(y* = Pa*(a'-E) = Pa*E 

for every a in the Galois group of y = y \ a*D over U . Using proposition |^ it 
follows that there is a unique functor p{E) = pE ■ ^i{U) Vecc^ such that we 
have 

(18) Pa*E = PE°a* ■ 
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This functor is continuous. (In order to apply proposition 1311 we view canonical 
isomorphisms such as a*{a*E) = {aa)*E as identifications.) 

In particular, we have Pe{x) = E^ for all x € U{Cp). For an etale path 7 from xi to 
X2 in U we have 

(19) pe{^) = Pa-Eil') ■ E^i = {a*E)y^ {a*E)y2 = E^^ . 

Here yi € V{Cp) lies above xi and 7' is the unique path in V with 0^,7' = 7 from 
Hi to a point 7/2 above X2. For a morphism f : E ^ E' of vector bundles in 55 
the morphism p{f) = pj : pE ^ Pe' is defined to be the family of linear maps 
^E;foranxGC/(Cp). 

Proposition 32 The preceeding constructions give a well defined functor p : 55^^ jj - 
Repn^(^')(Cp) which extends the previously defined functor p on ^Xcp,D- 

Proof We first have to show that the definition of pE is independent of a. If we 
are given ramified Galois coverings of smooth projective curves ai : Yi ^ X and 
a2 '■ Y2 ^ X which are etale over U there is a third one : Y3 ^ X covering ai 
and a2 i.e. = ovTj for morphisms VTj : ^3 ^ 1^ where i = 1,2. Now assume that 
a*E £ ^Yxp,a*D- By the above we have 

Pa'E = Pi°ai^ 

for functors pi : Tli{U) — > Vecc^ where i = 1,2. We have to show that pi = p2. By 
theorem 1281 b we find for i = 1,2 that 

Pa^E = PTT*{a*E) = Pa*E°'^i* = Pi°ai^°'^i* 

= Pi°a-i* ■ 

The uniqueness assertion of proposition!^ now implies that pi = p2. 

Next we have to check that for a morphism f : E ^ E' in 53?,^^ the family of maps 
fx : Ex ^ E'^ defines a morphism in Repn^(f;)(Cp). We may assume that both a*E 
and a*E' lie in ^Ycp,a*D- Then Pa*f, i-e. the family of maps {a* f)y : {a*E)y — > 
{a*E')y, defines a morphism in Repni(v)(Cp). Using (fT9|) we see that 



E 


XI 




-E 


1 

XI 










Pe' (7) 


E 


X2 


/a: 2 


-E 


/ 

X2 



commutes for every 7, as desired. It is clear that p is a functor and that it extends 
P ■■ ^Xcp ,D Rep ni ([/) (Cp) . □ 
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Theorem 33 Assertions a, b and c of theorem \28\ hold for D ^^-s^ead of 

QSxcp.D cis well. For any point xq G U{Cp) the fibre functor 

®ifcp,i? — ' "^^^Cp , -E I — >E^, , f^ — > f^^ 

is faithful. 

Proof a Exactness of p is clear from its definition. For two vector bundles Ei and 
E2 in ^'xc D choose a ramified Galois covering a : Y ^ X, etale over X \ D such 
that a* El and a*E2 are in ^Xcp,D- Then we have 

Pa*{Ex®E2) — Pa*Ei(^a*E2 = Pa*Ei ® Pa* E2 = {PEi ® {PE2 

by theorem OHl a. It follows that we have pei®E2 = P-Ei 55 PE2- It is clear that we also 
have p/i®/2 = Pfi ® Pf2 fo'^ morphisms /i,/2 of vector bundles. Hence p commutes 
with (8)-products and similarly with direct sums, duals, internal homs and exterior 
powers. 

Let f : X ^ X' he a, morphism of smooth projective curves over Qp. On objects, 

we have to show that pf*E = Pe° f* for all E in !BL, . Thus let oi' -.Y' ^ X' be a 

ramified Galois covering etale over X' \ D' with a'*E in *By' a'*D'- With notations 

as in the proof of proposition |^ we see that a*f*E = g*a'*E lies in ^Ycp.Q''f*D'- 
Moreover 

Pa*f*E = Pg"a'*E = Pa'* E ° 9* = PE°a'^°g* = PE°f*°Oi^ 

by theorem 1281 a and the definition of pE. Now on the other hand, a : Y ^ X \s 
a ramified Galois covering, etale over X \ f*D'. Hence f*E lies in ^^Xc f*D' 
Pf*E is by definition the unique functor with Pa*f*E = Pf*E°Oi*. It follows that 
we have Pf*E = Pe° f*- It is immediate from the definitions that diagram (|14|) for 
commutes on the level of morphisms. The proof that p behaves functorially with 
respect to automorphisms is deduced similarly from theorem l28| c. The last assertion 
is proved in the same way as proposition I3UI □ 

Remark It is known that the fibre functor in a point is faithful on the category of 
stable bundles of degree zero on a compact Riemann surface cf. |Seshj Ch. 1, IV. 
By an induction on the length of the Jordan-Holder filtration one gets faithfulness 
also on the category of semistable bundles of degree zero. The analogous assertion 
therefore holds on smooth projective curves over fields that can be embedded into 
C, e.g. over Cp. Together with theorem one thus gets another proof of theorem 

EHlb. 
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We will now explain how to glue the representations pE attached to a vector bundle 
E on Xr which belongs to !Bv n for several divisors D. For this we need the 
following Seifert~van Kampen theorem for etale groupoids: 

Proposition 34 Given open subschemes Ui and U2 of a curve X , let ii : [/i n C/2 ^ 
Ui,i2 ■ UinU2 ^ U2 and ji : Ui ^ U2U 112,32 ■ U2 ^ UiL)U2 be the corresponding 
immersions and consider the commutative diagram of fundamental groupoids 

ni(^in[/2) ^ UiiUi) 
iii{U2) — ^ni(c/iuc/2) 

Then for any HausdorfJ topological category C and continuous functors pi : Hi (Ui) — > 
C and p2 : Ili{U2) C such that pi°iu = P2°i2* there is a unique continuous functor 
p : ni(f/i U U2) — > C such that poji^ = pi and p°j2* = P2- 

Proof We may assume that Ui and U2 are nonempty. Let 7 : xi ^ X2 be an etale 
path in Ui U U2 with xi G Ui and X2 G C/2. Choose a point x' in Ui n C/2. Then since 
Ui U U2 is connected we may write 7 as the composition of a path 71 : xi ^ x' with 
a path 72 : x' — > X2 in Ui U U2- The homomorphisms T:i{Uy,Xy) tti{Ui U U2,Xy) 
for V = 1,2 are known to be surjective since X is a curve. We deduce that there are 
paths 71 : xi — > x' in Ui and 72 : x' ^ X2 in U2 such that jy^.{^u) = "lu- Hence if p 
exists, we have p(7) = /o(72 • 71) = p(72)p(7i) = /02 (72) Pi (71) and similarly for paths 
from X2 to xi. For paths 7 in X whose endpoints are both in U^, we have p{'y) = Pui'j) 
where ji/*(7) = 7. Hence the functor p is uniquely determined. As for existence, it is 
clear how to define p on objects and it remains to check that p given on morphisms 
by the above formulas is well defined. This follows from the Seifert-van Kampen 
theorem for the etale fundamental group, cf. _SG.^T] IX, corollare 5.6. There is a 
subtlety here. The pushout property holds only in the category of profinite groups. 
But the maps i^^ : 7ri(C/i n U2,x') ■ki{Uu,x') are surjective and hence the maps pi, 
on 7ri{Uiy, x') have the same images for = 1, 2. This common image is the quotient 
of a profinite group by a closed subgroup and hence profinite. Here we used the 
Hausdorff assumption on (the spaces of morphisms of) C. □ 

Proposition 35 Let Di and D2 be divisors on X and set Ui = X \ Di and U2 = 
X\D2- For a vector bundle E on Xi^^ let p\ and p\ be the continuous representations 
of Iii{Ui) resp. Iii{U2) on Cp-vector spaces constructed before. Then there is a 
unique continuous representation pE o/ni(C/i U C/2) which induces on Ili{Uu) for 
V = 1,2. For the induced functor where U = U1UU2 

P ■■ "^Kd, n Repn,(c/)(C,) 
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the analogue of theorem\3iA holds. 



Variant For 8 in ^Bx„,d^ for v = 1,2 we obtain a well defined representation of 
Hi{U) on free o-modules of finite rank. 

Proof On objects p_B is defined by Pe{x) = as before. The assertions are a formal 
consequence of proposition and theorem ESI D 

Let category of vector bundles on Xc^ with strongly semistable reduc- 

tion, as defined in the introduction. 

Theorem 36 We have ^'X(. = [Jd^^Cp,d- Every vector bundle E in lies 
both in ^Xcp,D O'nd ^Xc b f'^^ suitable divisors D and D with disjoint support. 
There is a unique representation pE ofIii{X) on finite dimensional Cp-vector spaces 
such that Pe{x) = Ex for all x £ X(Cp) and such that pE is compatible with the rep- 
resentations pe ofIli{X\D) constructed earlier for those D with E in ^Xcp,D- 
before one obtains an exact additive functor p : ^x^, ~^ '^^P ni{X)i'^p) which com- 
mutes with tensor products, duals, internal homs and exterior powers. Moreover, it 
behaves functorially with respect to morphisms of curves over Qp and automorphisms 
of Qp over Qp. For any point xq G X{Cp), the fibre functor 

Vecc, , E^E,,, f^ f,, 

is faithful. 

Proof This follows from theorem El and ISHl together with proposition □ 

Remark Arguing as in the proofs of propositions |H1 and 122 this result implies the 
theorem in the introduction. 

Let Rep^^^^.^(Cp) be the full subcategory of Rep7ri(x,a;)(Cp) of those representa- 
tions A : '7Ti{X, x) GL (V) which are continuous if V is given the discrete topology. 
Equivalently A has to factor over a finite quotient of 7ri(X, x). 

Proposition 37 The category Rep^^^^^(Cp) is contained in the essential image 
-Rep (X,x)(Cp). 

Proof Let A be a representation as above. Let G be the image of A in GL (V). Let 
a : y — X be a Galois extension of X with group G such that a* : 7ri(y, y) 
7ri{X,x) with y £ Y(Cp) above x induces an isomorphism 'iTi{Y,y) = ker A. Define a 
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vector bundle on X by setting E = Y x'-' \ where V is the affine space over Qp 
attached to V. Then E lies in because a*E is a trivial bundle on Y and hence 

lies in ^Ycp ■ S"- valued points of y a trivialization 

^:Yy = Y xV ^ a*E 

is described by mapping {y,v) to the pair {[y,v],y) in a*E. Here [y,v] £ E^^y) is the 
class of {y,v) mod G. We can now calculate pE- For 7 G 7ri(X, x) there is a unique 
etale path 7' in y from y to ay for a uniquely determined a £ G. The commutative 
diagram 

Ipy 



E. 
psin) 
E^, 



{a*E\ 



{a*E) 



cry 



- (Vy), = 

PVy (7') 



V 



V 



shows that if we identify E^ with V via -0?/ the automorphism pe{i) '■ V ^ V \s 
given by PEin) = V^y^ Thus we have 

Pi?(7)(^^) = '4'v^[y'',v] = i^-^ly^av] = av = X{j)v . 



Hence we have p^; = A as representations of 7ri{X,x) on V = E^ 



□ 



Proposition 38 Let a :Y ^ X be a finite etale covering of smooth projective curves 
over Qp and let E be a vector bundle in *By^ . Then 

Pa,E ■■ 7ri(X,x) GL{{tt^E)^) 

is the representation obtained from pE ■ TTi{Y,y) Gh{Ey) by induction via the 
inclusion a* : TTi(Y,y) ^ 7ri(X, x). Here y is any point in Y{Cp) above x € X(Cp). 

Proof Under the natural injection E ^ a*a^E we may view Ey as a subspace of 
{a*a^E)y = {a^:E)x. From theorem 1551 a we get that 

Pa,E°Ol* = Pa'a^E 

as representations of vri(y, y) on GL {[a^^E)^)- Thus Pa*a^,E is the restriction of Pa,E 
to the subgroup (via a^) ■Ki{Y,y) of 7ri(X, x). Since pE ^ Pa*a,E by the exactness 
of p, it follows that the restriction of Pa,E to 7ri(y, y) leaves the subspace Ey of 
{a^,E)x invariant and gives the representation pE there. It remains to show that 
{a*E)x is the direct sum of the translates PatE{[y])Ey for [7] running over the cosets 
of a^:TTi{Y,y) in 7ri(X, x). There is a bijection 

7n{X,x)/a,TTi{Y,y) ^ {y' eY{Cp)\a{y') = x} 
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given by mapping [7] to the "endpoint" of the unique hfting of 7 to an etale path in 
Y starting at y, cf. ()17() . Together with the natural isomorphism 

a{y')=x 

the assertion follows. Namely, we have: 

Pa^E{l)Ey = Po,*a,E{i)Ey = pE{l')Ey = Ey, . 

□ 

We conclude this section with some general observations on the structure of repre- 
sentations. 

Consider a continuous representation p : G ^ GLr(o) of a profinite group G. Then 
pi : G — > GLr(oi), the reduction mod p oi p has finite image since G is compact 
and Oi is discrete. Hence the image of pi is contained in GL ^.(oi^/pOK) for some 
finite extension K of Qp. Let p be the prime ideal of Ok and consider the reductions 

: G GL,.(o(„)) of p mod p" where we have set 0(„) = o/p"o. By construction 

factors: 

: G GLriox/p) C GLr(o(i)) . 

Extending scalars to k = o/m the modular representation G GL,.(oa'/P) becomes 
Pk, the reduction of p mod m. For every n > 1 the image of is finite. Hence 
Gn = Ker is an open normal subgroup of G. Let 

: G/Gn GLr{0(n)) be the induced representation. We have a commutative 
diagram 

1 ^ Gn/ Gn+l ^ G/ Gn+l ^ G/Gn ^ 1 

P(n + 1) 



P{n) 



Mr(p"0(„+i)) — ^-^ GL r(0(„+i)) ^ GL^(0(„ 



)) -i 

Here / is the homomorphism f{A) = 1 + A and A„ is induced by Since 
Gn/Gn+i is finite and Mj.(p"0(„_(_i)) abelian and annihilated by p it follows that 
Gn/Gn+i is isomorphic to (Z/p)^" for some integer (5„ > 0. 

Thus p is built up from the modular representation p^^) of the finite group G/Gi 
in GLi(oii'/p) C GL r{k) via successive extensions by representations of elementary 
abelian p-groups. It is instructive to compare this fact with the proof of theorem IKil 
The way a bundle £ in ^x,D is built up from is similar to the way a continuous 
representation p is built up from its residual representation p^. 

Let us call a representation on a free 0(„)-module M "irreducible" if every invariant 
free and cofree submodule of M is either trivial or equal to M. 
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Proposition 39 If P{n) is "irreducible" for some n > 1, e.g. if pk is irreducible then 
the representation pc^ : G — > GLr(Cp) is irreducible. 

Proof Let y C be a pCp-invariant subspace of dimension s ^ 0,r. Then T = VCio^ 
is a p-invariant o-submodule of o'' for which o'^/F is o-torsionfree. Since o^' /T is finitely 
generated it follows from [Bj Lemma 3.9 that /T is a free o-module of rank t say. 
Hence we get an exact sequence: 

O^F^o^ — ^0*^0. 

By an induction on t it follows that F is a free o-module. Because of V = T Cp 
the rank of F is equal to s. Hence F(„) = F ® 0(„) is a free and cofree 0(„) -module 
of rank s and therefore is "reducible". Note that the rank of a free 0(„) -module 
F(„) is well defined because it equals the dimension of F(„) k over k. □ 

Example Let p : G ^ GL2(o) be a representation for which the image of p2 '■ 
G —>■ GL2(o/p^o) contains the two commuting matrices (q^) and (pi)- Then p2 
is "irreducible" and hence pCp is irreducible as well. For example pi could be trivial 

and we could have G1/G2 = G/G2 = (Z/p)^ with p2 given by P2{i,j) = (/p T)- 

References 

[At] M. Atiyah: Vector bundles over an elliptic curve. Proc. London Math. Soc. (3) 
7 (1957), 414-452 

[Be] V. Berkovich: Integration of one forms on p-adic analytic spaces. Preprint 2004 

[BLR] S. Bosch, W. Liitkebohmert, M. Raynaud: Neron models. Springer 1990 

[B] W. Brandal: Commutative rings whose finitely generated modules decompose. 
Springer LNM 723, 1979 

[Br] H. Brenner: There is no Bogomolov type restriction theorem for strong semista- 
bility in positive characteristic. To appear in Proc. AMS 

[Co] R. Coleman: Reciprocity laws on curves. Comp. Math. 72 (1989), 205-235 

[DM] P. Deligne, D. Mumford: The irreducibility of the space of curves of given 
genus. Inst. Hautes Etudes Sci. Publ. Math. 36 (1969), 75-109 

[De-Wel] C. Deninger, A. Werner: Vector bundles and p-adic representations I. 
ArXiv, NT/0309273, September 2003 



54 



[De-We2] C. Deninger, A. Werner: Line bundles andp-adic characters. Preprint 2004 

[Ep] H. Epp: Eliminating wild ramification. Invent, math. 19 (1973), 235-249 

[EGAI] A. Grothendieck, J. Dieudonne: Elements de Geometric Algebrique I. Publ. 
Math. 4 (1960) 

[EGAII] A. Grothendieck, J. Dieudonne: Elements de Geometric Algebrique II. 
Publ. Math. IHES 8 (1961) 

[EGAIII] A. Grothendieck, J. Dieudonne: Elements de Geometric Algebrique III. 
Publ. Math. IHES 11 (1961), 17 (1963) 

[EGAIV] A. Grothendieck, J. Dieudonne: Elements de Geometric Algebrique IV. 
Publ. Math. IHES 20 (1964), 24 (1965), 28 (1966), 32 (1967) 

[Fal] G. Faltings: Semistable vector bundles on Mumford curves. Invent. Math. 74 
(1983), 199-212 

[Fa2] G. Faltings: A p-adic Simpson correspondence. Notes 2003 
[Gi] J. Giraud: Cohomologie Non Abelienne. Springer 1971 

[Ha] R. Hartshorne: Residues and Duality. Lecture Notes in Mathematics 20. 
Springer 1966 

[He] G. Herz: Vector bundles on Mumford curves. PhD thesis, in preparation 2005 

[LS] H. Lange, U. Stuhler: Vektorbiindel auf Kurven und Darstellungen der alge- 
braischen Fundamentalgruppe. Math. Z. 156 (1977), 73-83 

[Lich] S. Lichtenbaum: Curves over discrete valuation rings. Am. J. Math. 90 (1968) 
380-405 

[Lip] J. Lipman: Desingularization of two-dimensional schemes. Ann. Math. 107 
(1978) 151-207. 

[Liul] Q. Liu: Algebraic Geometry and Arithmetic Curves. Oxford University Press 
2002 

[Liu2] Q. Liu: Stable reduction of finite covers of curves. |arXiv:math.AG/0412075V 2, 
5 Jan. 2005 

[Mu] D. Mumford: Abelian varieties. Oxford University Press 1970 

[Na-Se] M.S. Narasimhan, C.S. Seshadri: Stable and unitary vector bundles on a 
compact Riemann surface. Ann. Math. 82 (1965), 540-567 



55 



[Ray] M. Raynaud: Specialisation du foncteur de Picard. Publ. Math. IHES 38 
(1970), 27-76 

[Ray-Gru] M. Raynaud, L. Gruson: Criteres de platitude et de projectivite. Invent, 
math. 13 (1971), 1-89 

[Sesh] C.S. Seshadri: Fibres vectoriels sur les courbes algebriques. Asterisque 96. 
Soc. Math, de Prance 1982 

[SGAl] A. Grothendieck et. al.: Seminaire de geometrie algebrique du Bois Marie 
1960/61. Revetements Etales et Groupes Fondamental. LNM 224, Springer 
1971 

[SGA3,I] A. Grothendieck et. al.: Seminaire de geometric algebrique du Bois Marie. 
Schemas en groupes. Tome I. Springer LNM 151 (1970) 

[Ta] J. Tate: p-divisiblc groups. Proceedings of a Conference on local fields. Drieber- 
gen 1966, 158-183 

[Vo] V. Vologodsky: Hodge structure on the fundamental group and its application 
top-adic integration. Mosc. Math. J. 3 (2003), 205-247 

[W] A. Weil: Generalisation des fonctions abeliennes. J. de Math. P. et App. (IX) 
17 (1938) 47-87 



Mathematisches Institut 

Einsteinstr. 62 

48149 Miinster, Germany 

deninger@math.uni-muenster.de 



Institut fiir Algebra und Zahlentheorie 

Pfaffenwaldring 57 

70569 Stuttgart, Germany 

Annette.Werner@mathematik.uni- 

stuttgart.de 



56 



